
Int. J. Production Economics 273 (2024) 109261

A
0

Contents lists available at ScienceDirect

International Journal of Production Economics

journal homepage: www.elsevier.com/locate/ijpe

A budgeting resource allocation model for capacity expansion
Senay Solak a, Zhuoxin Li b,a, Mehmet Gumus c, Yueran Zhuo d,a,∗

a Isenberg School of Management, University of Massachusetts Amherst, USA
b Wisconsin School of Business, University of Wisconsin-Madison, USA
c Desautels Faculty of Management, McGill University, Canada
d College of Business, Mississippi State University, USA

A R T I C L E I N F O

Keywords:
Strategic planning
Capacity management
Dynamic programming
Resource allocation

A B S T R A C T

The reconfiguration of the global supply chain has created opportunities for newly industrialized economies
(NIEs) to strengthen and expand their production capacities. We develop a dynamic modeling framework to
study a firm’s resource allocation decisions while building capacity for a portfolio of production lines over
multiple decision periods. Our model adds to the literature on versions of this problem in which distributions
of market demands are incorporated into the investment–return function, and where no partial order fulfillment
is possible. We consider two specific cases: one involving exogenously defined demand distributions, and one
where the distributions of the parameters of the demand distribution are updated based on Bayesian inference.
For each case, we first identify optimal capacity levels as a function of unit investment cost, holding cost, and
the demand distribution of each production line. We then characterize the optimal path to reach these levels
under different market conditions by deriving closed-form optimal resource allocation policies.
1. Introduction

Capacity management has emerged as a vital process in both man-
ufacturing and service organizations, gaining heightened significance
in the context of recent global trends in supply chain reconfiguration.
This reconfiguration represents a strategic move by Western countries
to mitigate risks associated with geopolitical tensions and to protect in-
tellectual property rights. The result has been a relocation of numerous
supply chains to newly industrialized economies (NIEs) such as Viet-
nam, Mexico, the Philippines, and India, seen as more geopolitically
stable and friendly.

The shifting landscape has ushered in unparalleled opportunities
for these NIEs to fortify and broaden their manufacturing and service
capacities. As orders pour in, they are faced with the challenge of
cementing long-term customer relationships through consistent, high-
quality production. Successfully navigating this complex and turbulent
period of global supply chain realignment could position these nations
to emulate China’s economic success and emerge as the new focal
points of the world economy.

The on-going trend of supply base reduction, observed over the past
few decades, has intensified competition among manufacturers in the
newly industrialized economies (NIEs). This trend involves downstream
buyers intentionally contracting with fewer suppliers to save costs and
enhance coordination and communication. While supply base reduction
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offers many benefits to the buyer, such as improved efficiency, it also
increases the risks of supply disruption for the buyer and heightens
competition among potential suppliers. In this context, the importance
of maintaining a stable and trustworthy level of supply capacity be-
comes paramount for suppliers. For instance, Apple mandates that
many of its key suppliers keep two weeks of inventory within a mile of
the company’s assembly plants in Asia (Satariano and Burrows, 2011),
while Volvo requires all potential suppliers to demonstrate capacity
at each production stage through a formal assessment process (Volvo,
2010). Any potential supplier unable to demonstrate the required ca-
pacity when a market opportunity arises risks losing that opportunity.
This underscores the significance of having a reliable supply capacity
in a competitive market, particularly in light of global trends towards
supply base reduction.

In this paper, we concentrate on scenarios where a supplier, acting
as the decision-maker, manages a portfolio of production lines and
strategically invests in capacity expansion, balancing the needs across
multiple production lines. These production lines are designed to pro-
duce similar yet distinct products, a distinction that holds particular
importance in newly industrialized economies. Here, manufacturers
typically concentrate on a core product while diversifying into several
subcategories to cater to a wider market demand. This variation in
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products indicates that, despite their similar profit margins, the de-
mand dynamics and cost structures required to tailor these products
to specific customer needs are significantly different.

An illustrative example is Murata, a Japan-based company manufac-
turing electronic components across 18 facilities in Malaysia, Taiwan,
Thailand, and Vietnam. Murata’s product portfolio includes modules
used in electronic devices, telecom technology, mechatronics, and elec-
trical sectors, serving major clients like Apple Inc and Samsung Elec-
tronics Co Ltd. During the global shortage of electronic parts, Murata
faced the challenge of delicately balancing its supply capacity to meet
orders from both Apple and Samsung, thus maintaining its market
competitiveness. Similarly, PINACO, a leading battery manufacturer
in Vietnam, offers a range of lead–acid batteries and lithium-ion bat-
teries. The company has established strategic partnerships with top
automobile and motorcycle manufacturers, navigating the complexities
of supplying to both traditional and emerging markets, especially with
the rise of electric vehicles.

As the world recovers from the pandemic, the global economy
encounters a period marked by inflationary pressures and geopolitical
risks, leading to a highly dynamic demand landscape for suppliers.
The 3M Company exemplifies this shift in demand dynamics, with the
pandemic increasing the demand for personal protective equipment
(PPE) while decreasing the need for industrial materials. However, as
the post-pandemic era unfolds and new norms are established, demand
for automotive and construction industry products has surged. This
fluctuating demand landscape complicates the decision-making pro-
cess for capacity expansion. Suppliers must adeptly navigate these un-
predictable market demands, understanding that capacity investment
decisions have far-reaching implications over multiple time periods.
This complexity suggests the necessity of a sophisticated modeling ap-
proach to budget allocation across production lines, cautioning against
an oversimplified preference for ostensibly more efficient lines with-
out considering the broader context of specific product demands and
customization costs.

In this paper, we will explore the multifaceted decisions surround-
ing capacity expansion for manufacturing or service firms. Our in-
vestigation delves into how a firm contends with stochastic demand,
ynamically allocating resources within a portfolio of production lines for
apacity expansion within the constraints of a given budget. In constructing

our stylized model, we adhere to certain simplifying assumptions to
keep the framework tractable:

(1) We assume that capacity is reusable with proper maintenance
and that the available capacity level determines whether a firm can bid
for and win an order. Though our model is primarily geared towards
manufacturing, it has potential extensions to service organizations such
as consulting firms. In this context, capacity may be understood as
the intellectual capability of a team to address certain client problems
based on staffing levels.

(2) By ‘‘demand’’, we typically refer to a physical quantity that
directly correlates with the capacity to supply products or services.
However, this definition may be broadened to include nonphysical
demand or other specific requirements tied to the firm’s profit. An
example of this would be when orders come with different quality re-
quirements. Here, quality level can be treated as demand, and capacity
as the ability to produce at a given quality level.

(3) We have normalized the lead time for the capacity expansion
process to zero, since this time is generally predictable. With sufficient
funding and a dedicated cross-functional team, companies can often
streamline the process, reducing lead time further. Normalizing the lead
time to zero in our model can be seen as an optimistic portrayal of these
possibilities.

(4) Lastly, we assume that a customer order is lost if the firm’s
capacity is less than the amount of demand realized through a re-
ceived order. This is a more complex scenario to model than the
case with partial order fulfillment, which could be addressed through
2

newsvendor-type models.
2. Review of relevant literature

The issue of resource allocation for capacity expansion primarily
falls within the realm of strategic capacity management research. The
typical modeling framework in this field involves making capacity
investment decisions, such as sizes and timing, in the presence of
stochastic demand information, and production decisions are made
after observing demand realization (Van Mieghem, 2003). A common
trend in the literature is to focus on two production lines or two deci-
sion periods, rather than considering a broader set of production lines.
Examples of such studies, where the value of maintaining an optimal
capacity portfolio is also discussed, include (Fine and Freund, 1990;
Van Mieghem, 1998; Goyal and Netessine, 2007; Bassamboo et al.,
2010). In these works, Fine and Freund (1990) outline the conditions
for investing in flexible capacity, Van Mieghem (1998) develop a multi-
dimensional newsvendor model, Goyal and Netessine (2007) introduce
competition between firms, and Bassamboo et al. (2010) extend the
problem to multiple production lines. These models offer valuable
insights into short-term investment behaviors but are often limited to
two-line and/or two-period frameworks.

In contrast, our study aims to identify optimal capacity investment
policies for firms dealing with multiple production lines over various
periods. This reflects the reality that capacity expansion often extends
across a long planning horizon, with incremental additions in each
period. Furthermore, our approach deviates from newsvendor-based
models by assuming the loss of the entire order if firm capacity is
less than the demand realized through a received order. This feature
is especially relevant for strategic planning decisions among manu-
facturing firms, particularly those supplying large original equipment
manufacturers. The resource allocation literature is highly relevant
to the capacity investment issue, focusing on how to optimally dis-
tribute limited resources like capital, materials, and human resources
to maximize benefits. Many such problems can be likened to different
variations of the knapsack problem (Patriksson, 2008). Two areas of
this literature particularly intersect with our research: the allocation of
resources to multiple projects (Glasserman, 1996; Korhonen and Syr-
janen, 2004) and dynamic allocation over several periods (Prastacos,
1981). Despite the relevance, few analytical models tackle both these
aspects together, given their inherent complexity.

A significant exception is the work of Loch and Kavadias (2002),
who constructed a multi-period model to explore new product de-
velopment resource allocation. In this model, resources allocated are
accumulated over time, with a fixed market size in each period and
an increasing return function. Though insightful, this model is limited
by its restrictive increasing return assumption, leaving questions about
what might happen if this assumption were relaxed. Our paper extends
this line of research by considering a return function defined according
to the probability distribution of demand, encompassing both increas-
ing and decreasing marginal returns. We also build upon the work
of Loch and Kavadias (2002) by carrying over resources allocated to en-
hance the production line’s current capacity level into the next period.
We then formulate the return function based on demand distribution.
Our model diverges further by demonstrating an optimal capacity level,
a foundational element in deriving the best investment policies and
budget-splitting rules under varying market conditions.

The sequential investment literature serves as another relevant re-
search area, often following the general framework of option pricing
models to address future uncertain demand (Grenadier and Weiss,
1997, Panayi and Trigeorgis, 1998, Kauffman and Li, 2005). Although
these models focus on optimal investment strategy over time, they
prove challenging to extend to a substantial portfolio of investment
opportunities. A more flexible approach can be found in the multi-stage
stochastic programming framework, allowing for more detailed con-
siderations such as future budget uncertainty (Colvin and Maravelias,
2008, Solak et al., 2010). However, despite their ability to incorpo-

rate effects from multiple projects and decision periods, stochastic
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programming models are both analytically intractable and computa-
tionally demanding, particularly when dealing with continuous demand
distributions.

In response to these challenges, our research identifies the existence
of an optimal capacity level based on reasonable assumptions about
demand distributions. By estimating this optimal capacity level, we
define terminal capacity and return, thereby facilitating a tractable
analytical study of the multi-production line, multi-period problem
through backward induction. This approach otherwise would have been
difficult, as it uncouples the terminal return from previous investment
decisions. Additionally, we innovate a flexible approach to manage
both known and unknown demand distributions, considering both sta-
tionary and non-stationary assumptions. To this end, we develop a
dynamic programming based model to study resource allocation and ca-
pacity expansion decisions. Our analytical models illustrate the effects
of resource competition among various capacity investment options
across multiple decision periods. By explicitly modeling a portfolio
f capacity investment projects, we can analyze the resource alloca-
ion problem and the cost-revenue trade-off. This yields a framework
hat supports optimization of a firm’s investment opportunities and
rofitability (Cooper and Kleinschmidt, 1999, Beaujon et al., 2001).
urthermore, our attention to multiple decision periods enables a dy-
amic analysis of cost-revenue trade-offs across the planning horizon.
his focus is vital in the context of capacity investment projects, which
ypically require significant capital and are implemented sequentially.

The remainder of this paper unfolds methodically, structured to
uide readers through our progressive analyses and findings. In Sec-
ion 3, we introduce our foundational model, elucidating the assump-
ions that underpin our research. Following this, Section 4 delves
nto the optimal capacity investment strategies, specifically address-
ng scenarios with known demand distributions. The analysis then
xpands in Section 5, where we consider the complexities of partially
nown demand distributions, adopting a Bayesian learning approach
o provide nuanced insights. Further exploration occurs in Section 6,
here we scrutinize the robustness of the Gamma Distribution-based

olutions, examining their resilience to deviations from the Gamma
istribution assumption. Lastly, Section 7 succinctly summarizes our

esults, weaving together the various strands of our investigation, and
utlines promising avenues for future research.

. Base modeling framework setup for capacity expansion

We set up the model to capture three important characteristics for
he capacity investment problem stated in Section 1: (1) A portfolio of
capacity investment projects, i.e. production lines, are competing for
limited resource; (2) demand on capacity for each production line

s uncertain (initially stationary, and later extended to include nonsta-
ionarity); (3) capacity investment decisions are made sequentially over

decision periods. A complete nomenclature table is given in Online
upplemental Material Section A.

We denote a production line by 𝑖 = 1, 2,… , 𝑛 and a decision period
y 𝑡 = 1,… , 𝑇 . In this section, we consider a representative production
ine 𝑖. In period 𝑡, the accumulated capacity level 𝑠𝑖𝑡 for production line
𝑖, which represents the state in (i.e. at the beginning of) period 𝑡+1, is
defined as

𝑠𝑖𝑡 = 𝑠𝑖0 +
𝑡

∑

𝜏=1
𝑥𝑖𝜏 , (1)

where 𝑥𝑖𝜏 is the amount of resource allocated to build production line
𝑖 in period 𝜏 and 𝑠𝑖0 is the initial capacity level. Note that resource is
allocated at the beginning of each period but the newly invested capac-
ity will be effective at the end of the period, i.e. there is a one-period
lead time. The linear capacity accumulation function is a standard
assumption in the capacity expansion literature (Luss, 1982, Campisi
et al., 2001). While we do not specifically assume any units for invested
resource amounts, it is natural to think of them in financial terms.
3

i

However, it is possible to apply the analysis to any similar process as
long as appropriate scaling is used for the corresponding parameters. A
simplified event stream is illustrated in Fig. 1.

We assume that there is one order in each period, but the demand
on capacity level imposed by the order is a random variable. This
assumption captures several practical configurations. First, the case
of one order per period can be directly applicable in some settings.
For example, Cohen et al. (1999) note that the demand for a specific
electronic testing equipment manufacturer is such that on average one
customer order is received every three to five months, which may
also be the frequency for capacity expansion decisions. Such a case
might typically apply to industries with only a few dominant clients,
or to firms providing products or services through certain govern-
ment procurement processes. A second case of application is when
demand and capacity respectively represent non-physical requirement
and capability levels, and in each period there is a continuum of
market opportunities each of which has a certain requirement level.
In such a case, the demand distribution can be characterized based
on the number of clients with a certain requirement level. The firm
can only serve customers whose requirement level (demand) is below
the capability (capacity) of the firm. Note that such a case can also be
applicable to quantity based demand situations, if demand quantities
are categorized into distinct levels, and the demand distribution is
defined based on the number of clients with order sizes corresponding
to each quantity level. A third, possibly less applicable case is when the
firm faces multiple orders of the same amount, i.e. loss of one order due
to lack of capacity would imply loss of all other orders.

Consistent with Dieulle et al. (2003) and Hsu et al. (2008), we
assume that market demand or capacity requirement 𝑟 for product 𝑖,
denoted by 𝑅𝑖, follows a gamma distribution with density function
𝑓𝑅𝑖 with shape parameter 𝛼𝑖 and rate parameter (also called inverse
scale parameter) 𝜑𝑖.1 Note that this stationarity assumption implies
that the demand is independent and identically distributed in each
period, which may not be applicable for certain cases. We study this
case as our basic model, and then extend our analysis to include
the nonstationary case, where the values of demand distribution can
change over time, i.e where dependency modeled through trending
is captured. Moreover, further dependency issues are considered in
Section 5 where partial demand information is used under a Bayesian
setting. It is also important to note that the gamma family of distribu-
tions is appealing here since it is a flexible family on [0,+∞). The shape
parameter and the rate parameter together can approximate a large
number of demand distributions. Some well-known distributions such
as the normal, exponential, chi-square and beta distributions can be
seen as special cases of the gamma family and can be easily transformed
to a gamma distribution.2 In Section 6, we perform some numerical
experiments to explore the robustness of the gamma distribution based
solutions in our framework to departures from the gamma distribution.

We also assume that the value of received orders linearly correlates
with their capacity requirements, denoted as 𝑟, and is characterized by
a unit profit margin 𝑚𝑖 for product line 𝑖. For simplification, the profit
margin 𝑚𝑖 is normalized to 1 across all production lines. This normal-
ization reflects our assumption that the production lines manufacture
similar yet distinct products to cater to different market segments.
We note that a deterministic functional relationship between demand,
i.e. the size of an order, and return is typical in many settings, as the
firms will mostly have contracts specifying fixed cost-benefit structures
per unit of product supplied or service provided. In the case where
there is significant uncertainty due to negotiations, which may not be

1 As shown in Lemma 1, the gamma distribution assumption can be relaxed
or most cases, making our model applicable to a wider range of distributions.

2 Leemis (1986) provides the transformations. For example, exponential dis-
ribution is a special case of the gamma distribution with 𝛼 = 1; 𝑁𝑜𝑟𝑚𝑎𝑙(𝜇, 𝜎2)
s related to the gamma distribution by: 𝜇 = 𝛼 , 𝜎2 = 𝛼 ,where 𝛼 is large.
𝜑 𝜑2
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typical for most firms, this functional relationship between demand
and return can be assumed to be based on expected rates. Under these
assumptions, the expected gross return 𝑔𝑅𝑖 (𝑠𝑖) from a product line 𝑖 with
a capacity level 𝑠𝑖 is

𝑔𝑅𝑖 (𝑠𝑖) = ∫

𝑠𝑖

0
𝑚𝑖𝑟𝑓𝑅𝑖 (𝑟) 𝑑𝑟. (2)

The return function states that if the capacity level required by a
market opportunity, i.e. 𝑟, is lower than the capacity level the firm
possesses, then the firm gets the order and receives the corresponding
return 𝑟. Otherwise, the firm loses this market opportunity as a whole.
As noted previously in the introduction section where we discuss
practical settings for such an assumption, this framework also makes
the model distinct from newsvendor-based models where only excess
portion of demand is assumed to be lost. This distinction is important,
because the latter case typically results in well-behaved concave return
functions. On the other hand, the return functions in our model do not
reveal simple concavity properties as shown in Lemma 1 below. We
illustrate this difference in detail both analytically and numerically in
Online Supplemental MateriL Section C.

Note that we use the subscript 𝑅𝑖 for the probability density function
𝑓 and the return function 𝑔 when we do not assume any specific
probability distribution for demand of product 𝑖. But when we refer to
a specific distribution, we replace the subscript 𝑅𝑖 by the parameter(s)
of the distribution we are assuming. Using this convention, we state the
properties of the gross return function for production line 𝑖 as follows.

Lemma 1. For production line 𝑖, the expected gross return 𝑔𝑅𝑖 (𝑠𝑖) has the
following properties:

(1) For any probability distribution, 𝑔𝑅𝑖 (𝑠𝑖) is increasing in the interval
[0,+∞);

(2) Let 𝜃𝑖0 be defined such that 𝑓𝑅𝑖 (𝑠𝑖)+𝑠𝑓
′
𝑅𝑖
(𝑠𝑖) is positive in the interval

[0, 𝜃𝑖0] and negative in the interval [𝜃𝑖0,+∞). Then 𝑔𝑅𝑖 is convex in the
interval [0, 𝜃𝑖0] and concave in the interval [𝜃𝑖0,+∞); where for the gamma
distribution with shape parameter 𝛼𝑖 and rate parameter 𝜑𝑖, 𝜃𝑖0 = 𝛼𝑖

𝜑𝑖
and

or the exponential distribution with parameter 𝜆𝑖, 𝜃𝑖0 =
1
𝜆𝑖
.

roof. Proof. All proofs are in the x. A. □

In Fig. 2 we illustrate two examples of the return and marginal re-
urn functions based on different probability distributions. In Fig. 2(a),
orresponding functions for the 𝐺𝑎𝑚𝑚𝑎(2, 2) distribution are shown,
here the probability density function 𝑓𝛼𝑖 ,𝜑𝑖 is increasing in the interval
0, 2] and decreasing in the interval [2,+∞). It can be observed that
he return function 𝑔𝛼𝑖 ,𝜑𝑖 is convex increasing in the interval [0, 4] and
oncave increasing in the interval [4,+∞). Similar characteristics are
isplayed in Fig. 2(b) for the 𝐸𝑥𝑝𝑜𝑛𝑒𝑛𝑡𝑖𝑎𝑙(1) distribution, where the
robability density function 𝑓𝜆𝑖 is decreasing in its support [0,+∞). In
his case, the return function 𝑔𝜆𝑖 is convex increasing in the interval
4

0, 1] and concave increasing in the interval [1,+∞).
In this problem, the decision variable is the capacity expansion
level 𝑥𝑖𝑡. In each period 𝑡 ≤ 𝑇 , the decision maker observes the
current capacity level 𝑠𝑖(𝑡−1), and identifies the expansion level 𝑥𝑖𝑡 that

aximizes the total expected value over the remaining periods. Here,
𝑖(𝑡−1) represents the state at period 𝑡, and the 𝑥𝑖𝑡 corresponds to an
ction in that period. The state transition is defined by 𝑠𝑖𝑡 = 𝑠𝑖(𝑡−1) +𝑥𝑖𝑡.
he immediate reward for taking action 𝑥𝑖𝑡 is given by −𝑐𝑖𝑥𝑖𝑡 − ℎ𝑖𝑠𝑖𝑡 +
𝑔𝑅𝑖 (𝑠𝑖𝑡), where 𝑐𝑖, ℎ𝑖, and 𝛽 correspond to the unit investment cost, the
nit holding cost and the discount rate, respectively. Investment cost is
he one time acquisition cost for the resources. It consists of a variety of
ne time expenditure, such as facility acquisition and installation costs,
orkforce recruitment costs, and training costs. Consistent with the

eal options literature, we assume that resources are firm-specific and
nvestment is irreversible (Dixit and Pindyck, 1994). Holding cost is the
aily maintenance cost which includes maintenance costs associated
ith the technical systems, wages paid to the workforce, and other
dministrative costs. We assume that 𝑐𝑖 and ℎ𝑖 do not change over time.
herefore, our model is more applicable to the cases where capacity
cquisition and maintenance costs are stable. The discount rate 𝛽, 0 ≤
≤ 1, measures the present value of a unit of future income. The 𝛽

n the left of the return function 𝑔𝑅𝑖 represents a one-period lag for a
newly built capacity to be effective. The time lag might be the length of
time required for a newly installed production system to operate under
normal conditions, or might be the length of recruitment time plus
the training time required for the workforce to acquire a new skill or
enhance their current skill set. Given this problem setting, the expected
total profit 𝑉𝑖𝑡(𝑠𝑖(𝑡−1)) for product 𝑖 in period 𝑡 ≤ 𝑇 can be expressed
through the following dynamic programming recursion:

𝑉𝑖𝑡(𝑠𝑖(𝑡−1)) = max
𝑥𝑖𝑡≥0

{−𝑐𝑖𝑥𝑖𝑡 − ℎ𝑖𝑠𝑖𝑡 + 𝛽𝑔𝑅𝑖 (𝑠𝑖𝑡) + 𝛽𝑉𝑖(𝑡+1)(𝑠𝑖𝑡)}. (3)

The term 𝛽𝑉𝑖(𝑡+1)(𝑠𝑖𝑡) in Eq. (3) is the discounted value function for
he next period 𝑡+1. The value function 𝑉𝑖(𝑇+1)(𝑠𝑖𝑇 ) for the final capacity
evel is:

𝑖(𝑇+1)(𝑠𝑖𝑇 ) =
∞
∑

𝑡=𝑇+1
𝛽𝑡−1

[

−ℎ𝑖𝑠𝑖𝑇 + 𝛽𝑔𝑅𝑖 (𝑠𝑖𝑇 )
]

=
𝛽𝑇

[

𝛽𝑔𝑅𝑖 (𝑠𝑖𝑇 ) − ℎ𝑖𝑠𝑖𝑇
]

1 − 𝛽

(4)

is based on the assumption that the firm continues to receive returns
and pay holding costs over an infinite time horizon after reaching the
terminal capacity level. From period 𝑇 +1 on, there is no further invest-
ment and the capacity level remains stable. Thus, this term corresponds
to the salvage value of the terminal capacity level 𝑠𝑖𝑇 .

Eventually, by combining the dynamic programming equations (3)
and (4), we can obtain the following expression for the expected total
profit at the beginning of the planning period when the available
capacity is 𝑠𝑖0. We refer to this expression in several of the discussions
and proofs in the paper.

𝑉𝑖1(𝑠𝑖0) = max
{

𝑇
∑

𝛽𝑡−1
[

−𝑐𝑖𝑥𝑖𝑡 − ℎ𝑖𝑠𝑖𝑡 + 𝛽𝑔𝑅𝑖 (𝑠𝑖𝑡)
]

𝑥𝑖1 ,…,𝑥𝑖𝑇 ≥0 𝑡=1
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Fig. 2. Return and marginal return functions based on different distributions.
+
𝛽𝑇

[

𝛽𝑔𝑅𝑖 (𝑠𝑖𝑇 ) − ℎ𝑖𝑠𝑖𝑇
]

1 − 𝛽

}

(5)

The amount of resource allocated to capacity expansion for each
production line is constrained by the total available budget. Based
on the firm’s budget allocation strategy, the budget constraints may
have two distinctive forms: a pooled budget constraint for the whole
planning horizon, or a periodic budget constraint for each decision
period. We study these two cases separately. Note that the words pooled
and periodic refer to the budget structure among different time periods,
rather than among production lines in the portfolio, which always share
the available budget.

Before we describe our optimal policy analyses under the two types
of budget constraints, it is important to note the following: without a
budget constraint, the optimal investment strategy for each production
line 𝑖 in the region with the convex increasing return function would
be to invest as much as possible, at least to reach the critical point 𝜃𝑖0
where the marginal return is the maximum. This result is intuitive and
consistent with basic results of the studies of convex increasing return
functions (Loch and Kavadias, 2002). On the other hand, if the firm
operates in the interval [𝜃𝑖0,+∞), where the marginal return is strictly
decreasing, there exists an optimal capacity level where the marginal
cost equals the marginal return, as stated in the following lemma.

Lemma 2. Suppose that 𝑠𝑖0 ≥ 𝜃𝑖0 for production line 𝑖. If no budget
constraints exist, the optimal capacity level 𝑠∗𝑖 for production line 𝑖 is the
unique solution to the following equation:

𝑠𝑖𝑓𝑅𝑖 (𝑠𝑖) =
(1 − 𝛽)𝑐𝑖 + ℎ𝑖

𝛽𝑚𝑖
, 𝑠𝑖 ≥ 𝑠𝑖0. (6)

If there is no solution to Eq. (6), then 𝑠∗𝑖 = 𝑠𝑖0, i.e. the firm should not invest
in any additional capacity.

The existence of an optimal capacity level is not surprising. The
marginal cost of a unit of investment is constant but the marginal return
is strictly decreasing. Therefore, there exists a unique positive solution
to the optimality Eq. (6) in the interval [𝑠𝑖0,+∞). The optimal capacity
level is determined by the unit investment cost, the unit holding cost
and the probability distribution of market demand. More specifically,
it has the following relationships with the relevant parameters.

Corollary 1. The optimal capacity level 𝑠∗𝑖 is increasing in 𝛽, decreasing
in 𝑐𝑖, and decreasing in ℎ𝑖.

If the unit investment cost is low, then it is optimal to invest more
and reach a high capacity level which enables the firm to capture
more market demand. Cost efficiency allows the firm to maintain a
high level of capacity. The effect of the unit holding cost is similar.
An increase in the discount factor, on the other hand, would result in
5

an increase in the marginal returns, which may offset the impact of
the decreasing marginal return structure in the interval [𝑠𝑖0,+∞). We
note that the existence of an optimal capacity level has significant value
from an analysis perspective, as it allows for a backward induction
based solution approach to the overall problem.

4. Capacity expansion with known demand distributions

This analysis assumes the capacity expansion budget allocation
decisions are made under known demand distributions. The investment
strategy is applied to a portfolio of production lines, where the firm has
perfect knowledge about the probability distributions of demand over
the planning horizon. We consider two cases regarding the status of
the demands for all production lines: (1) stationary demand over time
and (2) varying demand – i.e. non-stationary demand – for each time
period. To this end, we adopt an analytical analysis approach aiming to
derive structural properties for easy decision-making and to avoid the
curse of dimensionality in computational solutions.

4.1. Stationary demand case

In our first model, we work under the premise of known and
stationary demand distributions, implying that the demand in each
period follows an identical distribution. Common products fitting this
profile are baby and office/home supplies in stable markets. While
this scenario may seem simplistic, it is anchored in prior literature,
as referenced in works like Altintas et al. (2008). Shifting our gaze to
global supply chain dynamics, we have observed that certain mature
markets with consistent demand patterns are undergoing significant
changes in their production bases. For instance, the weight training
equipment industry’s transition from China to Mexico or the shift in
the shoe industry to regions like Vietnam and other Southeast Asian
nations. Given these real-world shifts, we recognize the pertinence
of capacity expansion in the context of stationary demand. This is
particularly relevant for emerging suppliers in the Newly Industrialized
Economies (NIE). Consequently, we have dedicated a section of our
paper to shed light on this prevailing situation.

For the scope of this subsection, our analysis of stationary demand
will be bifurcated into two scenarios. Initially, we delve into the
periodic budget constraint, following which we aggregate the budget
constraints across periods into a unified constraint. This approach not
only provides insights into a specific case but also offers a perspective
on flexible budgetary scenarios. By starting with the stationary demand
scenario, we intend to elucidate the optimal policy for resource alloca-
tion among multiple production lines. This foundational understanding
will later pave the way for more intricate analyses in subsequent
sections of this paper.
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Fig. 3. Optimal splitting of period budgets under exponentially distributed market demand (𝜆1 = 1.0, 𝜆2 = 0.5, and 𝛽 = 0.8).
4.1.1. Resource allocation to a portfolio of production lines under periodic
budget constraints

In the periodic budget constraints case, budget limitations exist
for each period. For example, the firm annually reviews the ongoing
projects and makes budget allocation decisions for period 𝑡 based on
the available budget 𝐵𝑡 such that

𝛽𝑡−1
𝑛
∑

𝑖=1
𝑐𝑖𝑥𝑖𝑡 ≤ 𝐵𝑡,∀𝑡 = 1,… , 𝑇 (7)

Note that the discounting term can be omitted in the constraint
above by appropriately adjusting the budget 𝐵𝑡. We assume such an ad-
justed budget in the discussions below, and omit the discounting term.
we state the optimal budget splitting policies for the T-period problem
with two production lines as follows. Extension of the proposition to
the general case with 𝑛 production lines is through induction, and is
included in Online Supplemental Material Section C.

Proposition 1. Assume that ∑𝑇
𝑡=1 𝐵𝑡 <

∑𝑛
𝑖=1 𝑐𝑖(𝑠

∗
𝑖 − 𝑠𝑖0). For the 𝑇 -

period 2-production line capacity investment problem with periodic budget
constraints, it is optimal in every period to split the budget between two pro-
duction lines according to their marginal profits, i.e. the optimal investment
amount in each production line is determined by the following system of two
equations:

For period T:

−𝑐1−
ℎ1

1 − 𝛽
+
𝛽𝑔′𝑅1

(𝑠10 +
∑𝑇
𝜏=1 𝑥1𝜏 )

1 − 𝛽
= −𝑐2−

ℎ2
1 − 𝛽

+
𝛽𝑔′𝑅2

(𝑠20 +
∑𝑇
𝜏=1 𝑥2𝜏 )

1 − 𝛽
,

(8)

and for period 𝑡, 𝑡 = 1, 2,… , 𝑇 − 1:

−𝑐1 −
ℎ1

1 − 𝛽
+ 𝛽

𝑇−𝑡
∑

𝜔=0
𝛽𝜔𝑔′𝑅1

(𝑠10 +
𝑡+𝜔
∑

𝜏=1
𝑥1𝜏 ) +

𝛽𝑇−𝑡+1𝑔′𝑅1
(𝑠10 +

∑𝑇
𝜏=1 𝑥1𝜏 )

1 − 𝛽

= −𝑐2 −
ℎ2

1 − 𝛽
+ 𝛽

𝑇−𝑡
∑

𝜔=0
𝛽𝜔𝑔′𝑅2

(𝑠20 +
𝑡+𝜔
∑

𝜏=1
𝑥2𝜏 ) +

𝛽𝑇−𝑡+1𝑔′𝑅2
(𝑠20 +

∑𝑇
𝜏=1 𝑥2𝜏 )

1 − 𝛽
(9)

where 𝑥2𝜏 =
𝐵𝜏−𝑐1𝑥1𝜏

𝑐2
. If no solution to the above equations exist, then all the

budget 𝐵𝑡 is allocated to the production line corresponding to the dominant
side.

Eq. (8) above determines the optimal splitting of the budget in the
last period, given the splitting of budget in the previous periods. In each
period 𝑡, 𝑡 = 1, 2,… , 𝑇−1, budget is allocated to the two production lines
according to their marginal profits which consider both the current
period profit and the profit in the following periods from an additional
unit of investment.
6

In Fig. 3, we illustrate Proposition 1 through a numerical example
with the same cost and distribution parameters used in Fig. 4(a), and
with two different lengths of planning horizon 𝑇 = 5 and 𝑇 = 10. We
consider three budget sequences 𝐵𝐼𝑛𝑐𝑡

𝑇
𝑡=1, 𝐵

𝐶𝑜𝑛𝑠𝑡
𝑡

𝑇
𝑡=1, and 𝐵𝐷𝑒𝑐𝑡

𝑇
𝑡=1 with

equal sums such that ∑𝑇
𝑡=1 𝐵𝑡 = 15 for all three sequences. The numeric

values for the three sequences are listed in the figure captions, and they
correspond to increasing, constant and decreasing budget conditions,
respectively.

Myopic behaviors are also observed in this numeric example. It can
be seen in Fig. 3(a) that when the budget is initially small, i.e. for
𝐵𝐼𝑛𝑐1 = 1, production line 1, which has lower investment and holding
costs, receives the whole budget (𝑥∗11 = 1). On the other hand, with
a relatively large budget, i.e. for 𝐵𝐷𝑒𝑐1 = 5, production line 2, which
has higher gross return rate, receives more than half of the budget
𝑥∗21 = 3.31. Overall, although a biased split that is more favorable to
higher return rates on average can be observed, the actual allocations
in a given period may have the opposite structure. Interestingly, in
both Figs. 3(a) and 3(b), the cumulated investment amounts for the
two production lines are independent of the length of planning horizon
and the budget arrangements, given that the total budget ∑𝑇

𝑡=1 𝐵𝑡 is the
same.

Not shown in Fig. 3 is the total expected value for each budget
scenario. For 𝑇 = 5, the firm’s expected profits under increasing,
constant, and decreasing budget sequences can be calculated as 8.32,
9.30, and 10.13, respectively. For 𝑇 = 10, the corresponding profits
are 5.82, 7.98, and 9.17. These examples demonstrate that under
increasing budget sequences, the firm may not receive sufficient budget
in the early periods of the planning horizon, which reduces the firm’s
expected profits. This negative impact of insufficient budget is more
serious if the planning horizon is longer.

4.1.2. Resource allocation to a portfolio of production lines under a single
pooled budget constraint

In the pooled budget case, there is a single budget constraint for
the portfolio throughout the 𝑇 -period planning horizon, which can be
expressed as:
𝑇
∑

𝑡=1
𝛽𝑡−1

𝑛
∑

𝑖=1
𝑐𝑖𝑥𝑖𝑡 ≤ 𝐵 (10)

where the budget 𝐵 is defined in terms of its present value. Under a
typical pooled budget strategy, budget can be reserved for a medium
or long-term capacity expansion project to guarantee that the project
will not be suspended before completion due to inadequate funding, as
all stages of the project cycle share a single budget pool 𝐵. This budget
strategy gives managers the flexibility to optimally manage the budget
throughout the project cycle.
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As discussed in Section 3, the unit investment and holding costs
are both assumed to be constant. Furthermore, for any production line
𝑖, the return function is convex increasing in the interval [0, 𝜃𝑖0] and
oncave increasing in the interval [𝜃𝑖0,+∞). Therefore, the marginal
eturn 𝑔′𝑅𝑖 is increasing in the interval [0, 𝜃𝑖0] and decreasing in the
nterval [𝜃𝑖0,+∞).

We demonstrate our analysis by initially considering two produc-
ions lines 1 and 2, and then by extending the results to cases with
> 2 production lines. Clearly, if the available budget exceeds the

um of the amount of budget that the two production lines need to
each their optimal capacity levels, there will be no competition for
udget between the two production lines, and the optimal investment
olicy is trivial. We focus on the case where there is not enough budget
o satisfy the whole requirement from any production line, i.e. 𝐵 <
1(𝑠∗1 − 𝑠10) + 𝑐2(𝑠∗2 − 𝑠20), where 𝑠∗𝑖 and 𝑠𝑖0 are the optimal and initial
apacity levels for production line 𝑖, respectively. The optimal policy
or splitting the budget under this condition is as follows:

roposition 2. Assume that 𝐵 < 𝑐1(𝑠∗1 − 𝑠10) + 𝑐2(𝑠
∗
2 − 𝑠20). For the 𝑇 -

period 2-production line capacity investment problem with a pooled budget
constraint, there is positive investment only in the first period, i.e., 𝑥∗1𝑡 =
𝑥∗2𝑡 = 0,∀𝑡 = 2, 3,… , 𝑇 . In the first period, it is optimal to split the budget
etween the two production lines according to their marginal profits, i.e. 𝑥∗11
is the solution to the following equation:

− 𝑐1 −
ℎ1

1 − 𝛽
+
𝛽𝑔′𝑅1

(𝑠10 + 𝑥11)

1 − 𝛽
= −𝑐2 −

ℎ2
1 − 𝛽

+
𝛽𝑔′𝑅2

(𝑠20 + 𝑥21)

1 − 𝛽
, (11)

here 𝑥21 = 𝐵−𝑐1𝑥11
𝑐2

. If no solution to the above equation exists, i.e. one
side of the equation is always larger than the other for all 0 ≤ 𝑥𝑖𝑡 ≤

𝐵
𝑐𝑖
,

hen all the budget is allocated to the production line corresponding to the
ominant side.

Extension of Proposition 2 to 𝑛 production lines is in the Supplemen-
al Material. Given this structure, the following properties also hold for
he optimal investment decisions.

orollary 2. For two production lines 1 and 2, assume that 𝐵 < 𝑐1(𝑠∗1 −
10) + 𝑐2(𝑠∗2 − 𝑠20). For the 𝑇 -period portfolio investment problem with a
ooled budget constraint, the portion of budget allocated to production line
has the following properties:
(1) 𝑥∗11 is increasing in 𝑐2 and ℎ2, while decreasing in 𝑐1 and ℎ1;
(2) If 𝑓𝑅1

and 𝑓𝑅2
are exponential distributions with parameters 𝜆1 and

2, then 𝑥∗11 is increasing in 𝜆2 while decreasing in 𝜆1.
The comparative statistics for 𝑥∗21 are similar.

In Fig. 4, we illustrate Proposition 2 and Corollary 2 with a nu-
erical example using two exponential market demand distributions
ith rate parameters 1 and 0.5. For the parameter values listed in

he caption of Fig. 4(a), the optimal capacity levels can be calculated
sing the results in Lemma 2 as (𝑠∗1 , 𝑠

∗
2) = (7.62, 13.62). Similarly, for

he parameter values listed in the caption of Fig. 4(c), the optimal
apacity levels are (𝑠∗1 , 𝑠

∗
2) = (7.62, 16.82). As shown in Figs. 4(a) and

(c), the allocation to the production lines increase in the available
udget 𝐵 before the firm reaches the optimal capacity level, but the
ate of increase for production line 2 is generally larger than that of
roduction line 1. Note that the difference between the allocations to
roduction lines 1 and 2, i.e. 𝑥∗21 − 𝑥

∗
11 is increasing in 𝐵.

Moreover, Figs. 4(b) and 4(d) provide information about how an
dditional unit of budget is split. Cost advantage determines which
roduction line has priority for budget allocation if the available budget
s limited. However, marginal returns play the dominant role in the
llocation of a relatively large budget. In Fig. 4(b), the investment
nd holding costs for production line 2 are twice as large as those for
roduction line 1. If the available budget 𝐵 ≤ 0.15, then all the budget
s allocated to production line 1 due to its cost advantage. However, as
he available budget increases, the amount of allocation to production
7

ine 2 increases faster than that of production line 1. This is due to the
act that as line 1’s capacity level increases, its marginal return drops
aster.

Results from Figs. 4(a) and 4(b) have relevant practical implica-
ions. Since production lines with higher marginal returns are typically
ssociated with higher investment and holding costs, a firm with lim-
ted budget tends to invest only in the production lines with lower
nvestment and holding costs, although their marginal returns are
ower. However, a firm with relatively sufficient budget tends to in-
est more in production lines with higher marginal returns, although
he investment and holding costs are much higher. Therefore, budget
vailability not only changes the absolute level of allocation to each
roduction line in the portfolio, but also changes the structure, i.e. the
elative levels of allocations, within the portfolio.

In Fig. 4(d), the investment and holding costs for production line
are half the costs for production line 1. Since the marginal profit of

roduction line 2 is always higher than that of line 1 for any additional
mount of budget, production line 2 will receive more than half of the
udget. If the available budget 𝐵 ≤ 0.21, then all the budget is allocated
o production line 2 due to its cost advantage. As the available budget
ncreases, the amount of allocation to production line 2 continues to
ncrease faster than that of line 1, because the marginal return of the
ormer drops at a slower rate.

Corollary 2 posits that demand and costs are pivotal in determin-
ng budget allocation among production lines. However, the situation
ecomes complex when a production line presents both high demand
nd elevated costs, leading to potentially conflicting preferences. To
issect this intricacy and elucidate the impact of high costs in the
ontext of high demand, we conduct a sensitivity analysis. This analysis
elineates the optimal capacity levels for a single production line –
eferencing Lemma 2 – across diverse demand and cost scenarios.
ig. 5 displays the outcomes, where the optimal capacity levels under
relaxed budget constraint are juxtaposed across various cost contours

or different demand levels. Through this analysis, we identify specific
onditions under which a high-demand production line may display a
educed optimal capacity due to escalated costs. For instance, point A –
irroring production line 1’s configuration from Fig. 4 with parameters

1 = 0.01, ℎ1 = 0.001, and 𝜆1 = 1 – achieves a higher unconstrained
ptimal capacity compared to point B. Point B, despite sharing the same
emand parameter (𝜆 = 0.5) as production line 2 from Fig. 4, incurs
ubstantially higher costs (𝑐2 = 0.3, ℎ2 = 0.03), leading to a diminished
apacity.

Fig. 6 suggests that within an unconstrained budget context, a
igh-demand production line facing significantly higher costs may
ecome less preferred compared to its lower-demand, yet more cost-
ffective, counterpart. To further investigate, we examine two scenarios
pproximating the conditions at points A and B from Fig. 5, with
onfigurations: 𝑐1 = 0.01, ℎ1 = 0.001, 𝜆1 = 1 and 𝑐2 = 0.3, ℎ2 =
.03, 𝜆2 = 0.5. These scenarios illustrate the transition points where
roduction line 1 begins to gain favorability under less stringent budget
onstraints. As depicted in Figs. 6(a) and 6(b), despite production line 1
ttaining a higher capacity at the abundant end of the budget spectrum,
roduction line 2 remains preferred under tighter budget constraints for
he majority of the range. This preference also holds for a segment of
udget values in Fig. 6(b), even when production line 2 becomes more
xpensive (𝑐2 = 0.5, ℎ2 = 0.05). From these observations, it is implied
hat the cost factor’s role is intertwined with the influence of demand
hen overturning preferences between two production lines. Notably,
nder moderate budget restrictions, the impact of demand becomes
ore pronounced, whereas, in scenarios of relaxed budget constraints,

he cost factor predominates in determining the favored production line
or resource allocation.
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Fig. 4. Optimal splitting of a pooled budget under exponentially distributed market demand (𝜆1 = 1.0, 𝜆2 = 0.5, and 𝛽 = 0.8).
Fig. 5. Optimal capacity levels across various cost for different demand levels.
4.2. Nonstationary demand case

In this section we relax our assumption of stable markets with
known identical demand distributions in each period, and model the
case in which parameters of the demand distributions may change over
8

time. Due to analytical tractability, we restrict our attention to cases
where the parameters display a monotonically decreasing/increasing
trend, corresponding to growing/shrinking market conditions. Within
this framework, we assume that the demand distributions beyond the
planning horizon, i.e. for 𝑡 > 𝑇 , are the same as those for period 𝑇 . This
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Fig. 6. Optimal splitting of a pooled budget under exponentially distributed market demand (𝜆1 = 1.0, 𝜆2 = 0.5, and 𝛽 = 0.8).
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ssumption is not very restrictive, as the planning horizon can simply
e extended to capture all periods that demand distribution information
s available.

For the nonstationary demand case, we only analyze the case of
eriodic budget constraints introduced in Section 4.1.1. This is because
hen demand distributions are nonstationary, there does not exist a

ingle optimal capacity level throughout the planning horizon and a
ingle pooled budget constraint is not practically as interesting. First,
ith a little abuse of notation, we denote 𝑓𝑅𝑖𝑡 , 𝑡 = 1, 2,… , 𝑇 as the
robability density function of demand and 𝑔𝑅𝑖𝑡 as the return function
n period 𝑡. Similar to the discussions above, we base our analysis
n demand distributions that are in the gamma family. We assume
hat the shape parameters 𝛼𝑖 are fixed, while the rate parameters 𝜑𝑖
an change over time, i.e. demand for production line 𝑖 in period
is distributed as 𝐺𝑎𝑚𝑚𝑎(𝛼𝑖, 𝜑𝑖𝑡). This assumption is also not very

estrictive, as the rate parameter impacts both the mean and variance
f the gamma distribution. More specifically, the mean and variance
re given as 𝛼𝑖

𝜑𝑖𝑡
and 𝛼𝑖

𝜑2𝑖𝑡
, respectively. For analytical exposition, suppose

that 𝛼𝑖 is a positive integer. Then the gamma function has a closed-form
expression. Now let the rate parameter 𝜑𝑖𝑡 in each period be defined
y a trend function such that 𝜑𝑖𝑡 = 𝜓𝑖(𝑡), where 𝜓𝑖(𝑡) characterizes

how the rate parameters change over time. The function 𝜓𝑖(𝑡) can
represent a monotonically decreasing/increasing trend as evidenced in
a growing/shrinking market discussed above.

The structural properties of the above non-stationary demand setup
suggests in an optimal capacity level for each product line in each pe-
riod. Moreover, When the demand distribution is defined by
𝐺𝑎𝑚𝑚𝑎(𝛼𝑖, 𝜓𝑖(𝑡)), one sufficient condition for positive investment in
period 𝑡 is that the rate parameter of distribution of the period 𝑡 is
smaller than that of the period 𝑡−1, i.e. 𝜓𝑖(𝑡) < 𝜓𝑖(𝑡−1). Hence, when the
rate parameters 𝜓𝑖(𝑡) reveal a downward trend (notice that the mean
of gamma distributed random variables is proportional to 1

𝜓𝑖(𝑡)
), there

will be positive capacity expansion in each period.
With these properties, we can derive the optimal periodic budget

splitting policies for two production lines under known nonstationary
demand as follows.

Proposition 3. Assume that 𝐵𝑡 < 𝑐1(𝑠∗1𝑡 − 𝑠
∗
1(𝑡−1)) + 𝑐2(𝑠

∗
2𝑡 − 𝑠

∗
2(𝑡−1)), and

𝜓𝑖(𝑡) < 𝜓𝑖(𝑡 − 1) for all 𝑖 = 1, 2 and 𝑡 = 1, 2,… , 𝑇 . For the 𝑇 -period 2-
production line capacity investment problem with periodic budget constraints
and known nonstationary demand, it is optimal in every period to split the
budget between two production lines according to their marginal profits,
i.e. the optimal investment amount to each production line is determined
by the following system of two equations:

For period T:

− 𝑐1 −
ℎ1

1 − 𝛽
+
𝛽𝑚1𝑓𝛼1+1,𝜓1(𝑇 )(𝑠10 +

∑𝑇
𝜏=1 𝑥1𝜏 )

1 − 𝛽

= −𝑐2 −
ℎ2 +

𝛽𝑚2𝑓𝛼2+1,𝜓2(𝑡)(𝑠20 +
∑𝑇
𝜏=1 𝑥2𝜏 ) , (12)
9

1 − 𝛽 1 − 𝛽
and for periods 𝑡 < 𝑇 :

−𝑐1 −
ℎ1

1 − 𝛽
+ 𝛽𝑚1

𝑇−𝑡
∑

𝜔=0
𝛽𝜔𝑓𝛼1+1,𝜓1(𝑡+𝜔)(𝑠10 +

𝑡+𝜔
∑

𝜏=1
𝑥1𝜏 )

+
𝛽𝑇−𝑡+1𝑚1𝑓𝛼1+1,𝜓1(𝑇 )(𝑠10 +

∑𝑇
𝜏=1 𝑥1𝜏 )

1 − 𝛽

= −𝑐2 −
ℎ2

1 − 𝛽
+ 𝛽𝑚2

𝑇−𝑡
∑

𝜔=0
𝛽𝜔𝑓𝛼2+1,𝜓2(𝑡+𝜔)(𝑠20 +

𝑡+𝜔
∑

𝜏=1
𝑥2𝜏 )

+
𝛽𝑇−𝑡+1𝑚2𝑓𝛼2+1,𝜓2(𝑇 )(𝑠20 +

∑𝑇
𝜏=1 𝑥2𝜏 )

1 − 𝛽
(13)

where 𝑥2𝜏 =
𝐵𝜏−𝑐1𝑥1𝜏

𝑐2
. If no solution to the above equations exist, then all the

udget 𝐵𝑡 is allocated to the production line corresponding to the dominant
ide.

Extension of Proposition 3 to 𝑛 > 2 production lines is very similar
o the extension of Proposition 1 to 𝑛 > 2 production lines, which is
escribed in Online Supplementary Material Section C.

While our initial assumption considered demand to be monoton-
cally decreasing, acknowledging the dynamic nature of markets –
specially in Newly Industrialized Economies (NIEs) where trends of
ncreasing demand are observed – is crucial. Moreover, the potential for
emand fluctuations due to unforeseen events (e.g., the cancellation of
ignificant orders or surges in demand from special events) underscores
he need to examine the impact of such variability on decision-making.
o this end, we conduct a numerical analysis to explore how these
ariations influence budget allocation across two production lines.

Fig. 7 presents the results of our numerical analysis, illustrating
he budget allocation between two identical production lines under
ifferent demand fluctuation scenarios. We configure the parameters as
ollows: 𝑐 = 0.01, ℎ = 0.001, and 𝛽 = 0.8, with the demand parameter 𝜆
isplayed as bars. Production line 1 experiences constant demand with
= 0.5 across five stages, except for a surge in demand at periods 𝑇 = 2,

𝑇 = 3, 𝑇 = 4, and 𝑇 = 5, as shown in Figs. 8(a) to 8(d), respectively.
In contrast, production line 2 maintains constant demand throughout.
The line plots in Fig. 7 depict the budget allocation, set to be periodic
and constrained for each time period.

As observed in Figs. 8(a) to 8(d), the budget allocation favors
production line 1 during periods of increased demand, disrupting the
balance of an equal split typically seen when both production lines have
identical demand. Notably, the timing of the demand surge significantly
affects the budget allocation pattern. Early surges (at 𝑇 = 2 and 𝑇 = 3)
ead to an immediate shift in budget towards production line 1, with

subsequent ‘‘revengeful’’ reversal favoring production line 2 in the
ollowing period. Conversely, when the surge occurs later (at 𝑇 = 4 and
= 5), the budget allocation begins to shift towards production line 1

n advance of the anticipated demand increase — by one period for
= 4 and two periods for 𝑇 = 5, with a gradual rather than immediate

eallocation.
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Fig. 7. Optimal splitting of periodic budget under fluctuating demand surge one production line.
Fig. 8. Optimal splitting of periodic budget under fluctuating demand plunge one production line.
Next, we extend our numerical analysis to scenarios depicted in
Fig. 8, wherein the demand for production line 1 experiences significant
drops at time periods 𝑇 = 2, 𝑇 = 3, 𝑇 = 4, and 𝑇 = 5, corresponding
to an unusually high demand parameter value of 𝜆1 = 1. Meanwhile,
demand for production line 2 remains constant at 𝜆2 = 0.5, as does the
demand for production line 1 (𝜆1 = 0.5) outside of these specific plunge
periods.
10
As illustrated in Fig. 8 (Figs. 8(a) through 8(d)), it is observed that
when demand for production line 1 drops, budget allocation shifts in
favor of the unaffected production line 2. In the subsequent period,
however, the budget allocation reverses, indicating a robust recovery
for the demand resurgence in production line 1. Contrary to the demand
surge scenarios presented in Fig. 7, the change in budget allocation
in response to demand drops occurs simultaneously with the demand
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changes, without any anticipatory adjustment favoring the non-affected
production line.

These findings affirm the expectation that the production line with
higher demand will receive a larger budget allocation. In scenarios of
demand surge, an interesting pattern emerges: optimal budget alloca-
tion tends to proactively adjust in anticipation of upcoming surges,
especially when these surges are predicted further into the planning
horizon. This anticipatory pattern is not observed in situations of
demand drops. However, in both demand surge and drop scenarios, it is
notable that the momentarily less-favored production line regains bud-
getary resources once the immediate impact of the surge or drop sub-
sides. These insights can help practitioners capable of moderate-term
demand forecasting, offering strategic guidance in budget allocation to
adeptly navigate anticipated demand fluctuations.

5. Capacity expansion with partial demand distribution informa-
tion

Our analyses in the last section rely on an important assumption
that demand distribution functions are known to the decision maker.
This assumption is valid for mature product markets where plenty
of data are available to estimate the market demand. However, for
newly introduced products, it may be challenging to estimate demand
distributions based on limited sales and survey data (Berger, 1985).
Moreover, for most products, seasonality and other exogenous effects
may result in deviations from the assumed distributions of demand over
time.

In this section we extend our analysis to the case where some
partial information, in the form of a prior distribution for unknown
demand distribution parameters, is available. We model this through a
Bayesian inference approach. We note that in real practice, some data-
driven models including machine learning (ML) methods can forecast
the demand quite effectively. However, in this research we opt to utilize
Bayesian inference for estimating the demand. While ML methods
can indeed provide accurate demand forecasts, a stylized modeling
approach using Bayesian inference allows the extraction of structural
properties from analytical analysis. Such properties are invaluable to
decision-makers as they provide overarching managerial insights, inde-
pendent of technological dependencies. Moreover, Bayesian inference
promotes transparency by elucidating the entire forecasting trajectory,
enabling decision-makers to understand the underlying mechanisms
and make informed choices based on a clear understanding of the
forecasting process.

In the Bayesian framework, decision makers are assumed to have
limited knowledge on some parameters of the distribution function, es-
pecially at the early stages of the planning horizon. However, they may
have prior beliefs of the parameters, which they update through the
Bayes’ law as more information becomes available (Azoury, 1985, Love-
joy, 1990, Chen and Plambeck, 2008). When compared with the treat-
ment of unknown distributions as known stochastic processes, the
Bayesian learning approach may be appealing for strategic capacity
planing with sequential investment decisions. We study the unknown
demand structures with both stationarity and nonstationarity properties
under our modeling framework.

Similar to our analysis for the known demand distribution case,
we consider the highly flexible gamma family of distributions for
demand, and note that the rate parameters determine both the mean
and the variance in these distributions. We assume that the decision
maker does not know the exact values for the rate parameters of the
demand distributions, and that rate parameters themselves are assumed
to be random variables following the gamma distribution. Hence, we
incorporate the Bayesian inference approach into our model to update
the decision maker’s beliefs in the distributions of the rate parameters
as market demand is revealed in each period.
11
5.1. Stationary demand case

We first assume that demand for product 𝑖 is distributed according
to 𝐺𝑎𝑚𝑚𝑎(𝛼𝑖, 𝜑𝑖), where the shape parameter 𝛼𝑖 is known and the
rate parameter 𝜑𝑖 is unknown. Following the Bayesian inference ap-
proach, the prior belief in the distribution of the rate parameter 𝜑𝑖 for
production line 𝑖 can be expressed as:

𝑎𝑖 ,𝑏𝑖 (𝜑𝑖) =
𝑏𝑎𝑖𝑖 𝜑

𝑎𝑖−1
𝑖 𝑒−𝑏𝑖𝜑𝑖

𝛤 (𝑎𝑖)
, 𝜑𝑖 ≥ 0. (14)

where 𝑎𝑖 and 𝑏𝑖 are hyperparameters, i.e. 𝑎𝑖 is the shape parameter
and 𝑏𝑖 is the rate parameter for the posterior distribution of 𝜑𝑖. This
gamma prior is a conjugate prior for the likelihood function, i.e. the
demand distribution function. Let the historical demand realizations
for period 𝑡 be {𝑑𝑖1, 𝑑𝑖2,… , 𝑑𝑖(𝑡−1)}. Then the posterior belief of the rate
parameter also follows a gamma distribution with updated parameters:
𝑎𝑖𝑡 = 𝑎𝑖0 + (𝑡 − 1)𝛼𝑖 and 𝑏𝑖𝑡 = 𝑏𝑖0 +

∑𝑡−1
𝜏=1 𝑑𝑖𝜏 .

We now modify the gross return function based on Bayesian infer-
ence. Letting 𝑓𝑎𝑖𝑡 ,𝑏𝑖𝑡 (𝜑𝑖) represent the distribution of the rate parameter
for the demand distribution of product line 𝑖 in period 𝑡, we get:

𝑔𝑎𝑖𝑡 ,𝑏𝑖𝑡 ,𝛼𝑖 (𝑠𝑖𝑡) = ∫

+∞

0
𝑓𝑎𝑖𝑡 ,𝑏𝑖𝑡 (𝜑𝑖)

(

∫

𝑠𝑖𝑡

0
𝑚𝑖𝑟𝑓𝛼𝑖 ,𝜑𝑖 (𝑟)𝑑𝑟

)

𝑑𝜑𝑖. (15)

When this new gross return function is compared to the one in Eq.
(2), the new gross return function has one more level of integration
over all possible values of the unknown rate parameter. Although the
gross return function has a complicated form, its first order derivative
has a surprisingly simple and tractable structure:

𝑔′𝑎𝑖𝑡 ,𝑏𝑖𝑡 ,𝛼𝑖 (𝑠𝑖𝑡) =
𝑏𝑎𝑖𝑡𝑖𝑡 𝛤 (𝑎𝑖𝑡 + 𝛼𝑖)𝑠

𝛼𝑖
𝑖𝑡 𝑚𝑖

𝛤 (𝑎𝑖𝑡)𝛤 (𝛼𝑖)(𝑠𝑖𝑡 + 𝑏𝑖𝑡)𝑎𝑖𝑡+𝛼𝑖
. (16)

We state the properties of the gross return function for production
ine 𝑖 in Lemma 3, which leads to the optimal investment policy results
n the next subsection.

emma 3. For production line 𝑖, the expected gross return 𝑔𝑎𝑖𝑡 ,𝑏𝑖𝑡 ,𝛼𝑖 (𝑠𝑖𝑡) is
convex in the interval [0, 𝑏𝑖𝑡𝛼𝑖𝑎𝑖𝑡

] and concave in the interval [ 𝑏𝑖𝑡𝛼𝑖𝑎𝑖𝑡
,+∞).

5.1.1. Resource allocation to a portfolio of production lines under Bayesian
learning

In this section we use this revised modeling framework to analyze
the optimal investment strategy under Bayesian learning for a firm with
multiple production lines and budget constraints. We only analyze the
case of periodic budget constraints introduced in Section 4.1.1. The
benefit of a single pooled budget constraint is mostly to plan ahead,
which is difficult when demand distributions are unknown and the
investment policies are contingent on new demand realizations.

It is assumed that at the beginning of period 𝑡, all available infor-
mation is summarized as a state vector (𝑎𝑖𝑡, 𝑏𝑖𝑡, 𝑠𝑖(𝑡−1)), where 𝑎𝑖𝑡 and 𝑏𝑖𝑡
contain the updated beliefs of the demand distribution function and
𝑠𝑖(𝑡−1) is the capacity level in the last period. For the moment, we first
ignore the budget constraint and consider a single production line.
Under the Bayesian learning assumption, the value function for product
𝑖 in period 𝑡 is:

𝑉𝑖𝑡(𝑠𝑖(𝑡−1), 𝑎𝑖𝑡, 𝑏𝑖𝑡) = max
𝑠𝑖𝑡≥0

{𝑐𝑖𝑠𝑖(𝑡−1) − (𝑐𝑖 + ℎ𝑖)𝑠𝑖𝑡 + 𝛽𝑔𝑅𝑖𝑡 (𝑠𝑖𝑡)

+ 𝛽E
[

𝑉𝑖(𝑡+1)(𝑠𝑖𝑡, 𝑎𝑖𝑡 + 𝛼𝑖, 𝑏𝑖𝑡 + 𝑑𝑖𝑡)
]

} (17)

here 𝑅𝑖𝑡 is a vector of the distribution parameters (𝑎𝑖𝑡, 𝑏𝑖𝑡, 𝛼𝑖) and the
tate vector is (𝑠𝑖(𝑡−1), 𝑎𝑖𝑡, 𝑏𝑖𝑡), with state transition relationships given
s 𝑠𝑖𝑡 = 𝑠𝑖(𝑡−1) + 𝑥𝑖𝑡, 𝑎𝑖𝑡 = 𝑎𝑜𝑖 + (𝑡 − 1)𝛼𝑖, and 𝑏𝑖𝑡 = 𝑏𝑜𝑖 +

∑𝑡−1
𝜏=1 𝑑𝑖𝜏 . Similar

o Eq. (4), the value function 𝑉𝑖(𝑇+1)(𝑠𝑖𝑇 , 𝑎𝑖(𝑇+1), 𝑏𝑖(𝑇+1)) for the final
apacity level is:

𝑖(𝑇+1)(𝑠𝑖𝑇 , 𝑎𝑖(𝑇+1), 𝑏𝑖(𝑇+1)) =
∞
∑

𝛽𝑡−1
[

−ℎ𝑖𝑠𝑖𝑇 + 𝛽𝑔𝑅𝑖(𝑇+1) (𝑠𝑖𝑇 )
]

𝑡=𝑇+1
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Fig. 9. Prior beliefs, demand realizations, and myopic capacity levels in each period.

=
𝛽𝑇

[

𝛽𝑔𝑅𝑖(𝑇+1) (𝑠𝑖𝑇 ) − ℎ𝑖𝑠𝑖𝑇
]

1 − 𝛽
(18)

Based on this, the following conclusions can be reached about
the optimal capacity level and investment amount in period 𝑡 for a
production line 𝑖:

Lemma 4. Suppose that 𝑠𝑖0 ≥ 𝑏𝑖0𝛼𝑖
𝑎𝑖0

. Under the Bayesian learning
assumption for a single production line, if the state vector in period 𝑡 is given
as (𝑠𝑖(𝑡−1), 𝑎𝑖𝑡, 𝑏𝑖𝑡), then

1. 𝑉𝑖𝑡(𝑠𝑖(𝑡−1), 𝑎𝑖𝑡, 𝑏𝑖𝑡) is constant in 𝑠𝑖(𝑡−1) when 𝑠𝑖(𝑡−1) ≤ 𝑏𝑖𝑡𝛼𝑖
𝑎𝑖𝑡
, and

concave-decreasing in 𝑠𝑖(𝑡−1) when 𝑠𝑖(𝑡−1) ≥
𝑏𝑖𝑡𝛼𝑖
𝑎𝑖𝑡
.

2. There exists an optimal capacity level 𝑠∗𝑖𝑡 for each period 𝑡 where
𝑠∗𝑖𝑡 ≥

𝑏𝑖𝑡𝛼𝑖
𝑎𝑖𝑡

such that if the initial capacity in period 𝑡, i.e. 𝑠𝑖(𝑡−1), is less than
𝑠∗𝑖𝑡, then it is optimal to raise the capacity up to 𝑠

∗
𝑖𝑡, otherwise, it is optimal

not to invest in capacity in that period.

Given that the analytical characterization of 𝑠∗𝑖𝑡 is not possible, we
describe below a heuristic policy and numerically assess the difference
between this policy and the optimal solution to the overall problem.

5.1.2. A myopic resource allocation policy
Our proposed heuristic is a myopic resource allocation policy which

we define as follows:

Lemma 5. Under the Bayesian learning assumption for a single production
line, if the state vector in period 𝑡 is given as (𝑠𝑖(𝑡−1), 𝑎𝑖𝑡, 𝑏𝑖𝑡) with 𝑠𝑖(𝑡−1) ≥
𝑏𝑖𝑡𝛼𝑖
𝑎𝑖𝑡
, then the optimal capacity level 𝑠∗𝑖𝑡 can be approximated through a

myopic resource allocation policy as the unique solution 𝑠̃∗𝑖𝑡 to the following
equation:

𝑠𝛼𝑖𝑖𝑡
(𝑠𝑖𝑡 + 𝑏𝑖𝑡)𝑎𝑖𝑡+𝛼𝑖

=
𝛤 (𝑎𝑖𝑡)𝛤 (𝛼𝑖)[(1 − 𝛽)𝑐𝑖 + ℎ𝑖]

𝛽𝑏𝑎𝑖𝑡𝑖𝑡 𝛤 (𝑎𝑖𝑡 + 𝛼𝑖)𝑚𝑖
. (19)

If there is no solution to Eq. (19), then 𝑠̃∗𝑖𝑡 = 𝑠𝑖0. Assuming irreversible
investment, the myopic investment level without any budget constraints in
period 𝑡 is 𝑥̃∗𝑖𝑡 = max{0, 𝑠̃∗𝑖𝑡 − 𝑠𝑖(𝑡−1)}.

The right hand side of Eq. (19) is constant given the state vector, and
thus the capacity level 𝑠̃∗𝑖𝑡 and investment amount 𝑥̃∗𝑖𝑡 can easily be ob-
tained for 𝑠𝑖(𝑡−1) ≥

𝑏𝑖𝑡𝛼𝑖
𝑎𝑖𝑡

. Fig. 9 illustrates the application of Lemma 5 to a
production line with Bayesian updating. The horizontal axis represents
decision period 𝑡 and the vertical axis represents the heuristic capacity
levels and investment amounts in each period. Demand realizations are
shown as the middle line. We calculate the heuristic capacity levels
and investment amounts based on demand realizations and the three
different priors with 𝑎𝑜𝑖 = 2 and 𝑏𝑜𝑖 = 3, 4, 5, respectively (higher value of
𝑏𝑜 means that the decision maker holds a more optimistic prior belief).
12

𝑖

Fig. 9 shows that the myopic capacity levels and investment amounts
fluctuate with demand realizations with one period lag. A high demand
realization in one period is a signal that the demand distribution
might have been underestimated, while a low demand realization
in another period shows that the demand distribution might have
been overestimated. Therefore, the decision maker updates his/her
beliefs of the demand distribution and myopic capacity level according
to Eq. (14) and Eq. (19), respectively. For example, in period 2, the
demand realization is 0.022, which is lower than the decision maker’s
expectation in period 1. The decision maker incorporates this new
demand realization to update his/her belief of the demand distribution.
Under the updated belief, the myopic capacity level is smaller. Thus,
capacity is reduced (i.e., the investment level is negative). Assuming
irreversibility of capacity, this would mean that no capacity expansion
is made. In period 5, the demand realization is high. The decision
maker invests a positive amount to reach a higher capacity level. As
more demand realizations are available, posterior beliefs are updated
and the impact of (inaccurate) prior beliefs become less significant.
The heuristic capacity levels and investment amounts stay relatively
stable after period 𝑡 = 7 when there is sufficient data to estimate
the rate parameter 𝜑𝑖. As seen from the top three lines and bottom
three lines, the capacity levels and investment amounts based on three
different prior beliefs converge to the same levels. It is also important
to note that demand realizations between periods 2 and 8 reveal an S-
shaped product life cycle model, and the myopic capacity levels in these
periods also reveal the same shape. However, a potential drawback
of the Bayesian model is that there might be a lag between demand
realization and capacity adjustment.

We now consider the portfolio budget allocation problem with mul-
tiple production lines and budget constraints under Bayesian learning,
and derive a myopic policy based on Lemma 5. Similar to previous
discussions, we initially demonstrate our analysis using two production
lines 1 and 2.

Proposition 4. Assume that 𝐵𝑡 < 𝑐1(𝑠∗1𝑡 − 𝑠1(𝑡−1)) + 𝑐2(𝑠∗2𝑡 − 𝑠2(𝑡−1)). If
𝑠𝑖(𝑡−1) ≥

𝑏𝑖𝑡𝛼𝑖
𝑎𝑖𝑡

for 𝑖 = 1, 2, in period 𝑡, a myopic policy is to split the budget
between the two production lines according to their marginal profits, i.e. 𝑠1𝑡
and 𝑠2𝑡 solve the following equations:

− [(1 − 𝛽)𝑐1 + ℎ1] +
𝛽𝑏𝑎1𝑡1𝑡 𝛤 (𝑎1𝑡 + 𝛼1)𝑠

𝛼1
1𝑡 𝑚1

𝛤 (𝑎1𝑡)𝛤 (𝛼1)(𝑠1𝑡 + 𝑏1𝑡)𝑎1𝑡+𝛼1
= −[(1 − 𝛽)𝑐2 + ℎ2]

+
𝛽𝑏𝑎2𝑡2𝑡 𝛤 (𝑎2𝑡 + 𝛼2)𝑠

𝛼2
2𝑡 𝑚2

𝛤 (𝑎2𝑡)𝛤 (𝛼2)(𝑠2𝑡 + 𝑏2𝑡)𝑎2𝑡+𝛼2
, (20)

and 𝑐1(𝑠1𝑡 − 𝑠1(𝑡−1)) + 𝑐2(𝑠2𝑡 − 𝑠2(𝑡−1)) = 𝐵𝑡.
If 𝑠𝑖(𝑡−1) <

𝑏𝑖𝑡𝛼𝑖
𝑎𝑖𝑡

for 𝑖 = 1, 2, then the policy for that product line is
either to invest nothing or to invest 𝐵𝑡, depending on the maximizer for
𝛽𝑔𝑅𝑖𝑡 (𝑠𝑖𝑡) − 𝑐𝑖(𝑠𝑖𝑡 − 𝑠𝑖(𝑡−1)) − ℎ𝑖𝑠𝑖𝑡.

Extension of Proposition 4 to 𝑛 production lines case is in the
Online Supplemental Material. We note that one issue in modeling and
solving multiple-period resource allocation problems involves computa-
tional complexity, even for numerical implementations. The concavity
property of the gross return function in our model, which is stated
in Lemma 3, is appealing from that perspective, especially when the
decision horizon 𝑇 and the number of production lines 𝑛 is large.
Most nonlinear optimization packages can efficiently solve the system
of first order conditions for this multiple-period portfolio optimization
problem.

We illustrate Proposition 4 through some numerical examples, and
compare the results of the proposed myopic policy with the optimal
policy in these numerical cases. To emphasize the impacts of prior
beliefs and demand realizations, we control the effect of various costs.
To this end, we let 𝑐1 = 𝑐2 = 1, ℎ1 = ℎ2 = 0.001. Moreover, the
hyperparameters are such that 𝑎1(𝑡−1) = 𝑎2(𝑡−1) = 2, 𝑏1(𝑡−1) = 1, and
𝑏2(𝑡−1) = 2. The demand of the two lines in the example are fixed in
each time period as 𝑑 = 2 and 𝑑 = 3. We consider the budget
1(𝑡−1) 2(𝑡−1)
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Fig. 10. Differences in profit values and the split of budget in the optimal and myopic heuristic policies (𝑎1(𝑡−1) = 𝑎2(𝑡−1) = 2, 𝑏1(𝑡−1) = 3, 𝑏2(𝑡−1) = 4, 𝐵𝑡 = 0.2, and 𝑑2(𝑡−1) = 6).
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llocation suggested by myopic policy and optimal policy over the two
roduction lines in a multi-period model, as the myopic policy and
ptimal policy would suggest the same budget allocation split for a
wo-period model over the two production lines. In an extended multi-
eriod model, there exist some differences between the myopic policy
nd optimal policy. In Fig. 2 we show the trend of split of the budget
𝐵𝑡 = 1) between production line 1 and production line 2 in a planning
orizon through time period 1 to time period 9.

From Fig. 10(a), the myopic policy behaves in a similar fashion to
he optimal policy, but it is generally more aggressive in cutting budget
n line 1, which may indicate a greater focus on immediate or short-
erm returns. Despite this difference, the discrepancy in profit values
etween the two policies is quite minimal, with the largest difference
eing only 0.01% in month 2, where the optimal policy outperforms
he myopic policy.

From Fig. 10(b), it appears the myopic policy demonstrates an
mpressive performance by closely mirroring the profit outcomes of
he optimal policy with negligible differences. While the optimal pol-
cy does marginally outperform the myopic policy, this difference is
emarkably small and may not significantly impact the overall prof-
tability in a real-world scenario. More importantly, the myopic policy
olds a considerable advantage in terms of its practical implementation.
his policy is derived from a straightforward closed-form formula,
hich is far easier and quicker to compute. Therefore, the myopic
olicy can be applied as a suitable alternative to the optimal pol-
cy in practical situations. By doing so, organizations can streamline
ecision-making processes and still achieve near-optimal profitability

.1.3. Using demand data from related product markets
Estimating the parameters of probability distributions for market

emand is challenging, because most of the time there is only lim-
ted historical data available, especially for new products. The firm
bserves a realization of market demand in each period and has to
ake investment decisions based on a few observations. For firms

perating multiple production lines, managers can exploit the relation-
hips among demand distributions for the portfolio of products the
anufacturer produces.

In some special cases, the demands for two products (product 𝑖
nd product 𝑗) can be represented by 𝑑𝑖𝑡 = 𝜌𝑖𝑗𝑑𝑗𝑡, where 𝜌𝑖𝑗 is the
orrelation coefficient between product 𝑖 and 𝑗. Such a linear rela-
ionship is typically observed when two products are complements,
.e. when consumers buy one more unit of product 𝑗, they tend to
lso buy 𝜌𝑖𝑗 units of product 𝑖. The value of 𝜌𝑖𝑗 can be derived from
heoretical constraints of product characteristics, consumer purchase
atterns, and/or estimated using historical data. In this paper, we
ssume that the values for these parameters are given.

The dependency between the demands for two related products of-
er a way to deal with inadequate data. When estimating the parameters
f the distribution function for newly introduced product 𝑖, managers
an also use data from the established product 𝑗 which the managers
13
ave better knowledge of its demand. This methodology is especially
seful for the estimation of the demand distribution for new products
hat the managers have limited market data about. We can demonstrate
ow data from the related product 𝑗 can be used to infer the distribution
f new product 𝑖 as follows.

Suppose in period 𝑡, the historical demand realizations for product
are {𝑑𝑖1, 𝑑𝑖2,… , 𝑑𝑖(𝑡−1)} and the available realizations for product 𝑗

are {𝑑𝑗(−𝑇 ′ ), 𝑑𝑗(−𝑇 ′+1),… , 𝑑𝑗0, 𝑑𝑗1, 𝑑𝑗2,… , 𝑑𝑗(𝑡−1)} (product 𝑗 has been on
the market 𝑇 ′ + 1 periods before the introduction of product 𝑖 ). The
posterior belief of the rate parameter of the demand distribution can
be updated as: 𝑎𝑖𝑡 = 𝑎𝑜𝑖 + (2(𝑡 − 1) + 𝑇 ′ + 1)𝛼𝑖 and 𝑏𝑖𝑡 = 𝑏𝑜𝑖 +

∑𝑡−1
𝜏=1 𝑑𝑖𝑡 +

𝑡−1
𝑡=−𝑇 ′ 𝜌𝑖𝑗𝑑𝑗𝑡.
In Fig. 11, we calculate the optimal capacity levels and investment

evels for production line 𝑖 with additional demand data from produc-
ion line 𝑗. In period 1, the decision maker already has demand data
rom product 𝑗 (𝑇 ′ = 9). Moreover, from period 1 on, the decision
aker has two sets of demand realization in each period. Fig. 11

hows that even when at the beginning of the planning horizon, the
ptimal capacity levels and investment amounts are much more stable
converge quickly) than when there is no additional demand data from
roduct 𝑗. Additional data from product 𝑗 helps estimate the parameter
f the demand distribution more accurately and in a timely manner.

.2. Nonstationary demand case

In this section, we consider the capacity management problem
nder partially known nonstationary demand distributions, which has
een referred to as a challenging but important problem in the litera-
ure (Van Mieghem, 2003, Patriksson, 2008).

We first describe how the Bayesian framework can be used to
nalyze the capacity management problem under these assumptions.
et {𝜑𝑖1, 𝜑𝑖2,… , 𝜑𝑖𝑇 } refer to the rate parameters of the demand dis-
ributions for period 𝑡 = 1, 2,… , 𝑇 . Further assume that 𝜓(𝑡;𝐰𝐢) repre-
ents the nonstationarity in demand distributions, where 𝐰𝐢 is a vector
f structural parameters which characterize the nature of the time-
ependency among the distribution parameters across periods. Note
hat these structural parameters themselves may be unknown and can
e treated as parameters to be jointly estimated. We discuss this case
ater in this subsection. Suppose the prior distribution of the parameters
s summarized by 𝑓 (𝜑𝑖1, 𝜑𝑖2,… , 𝜑𝑖𝑇 ,𝐰𝐢). At the end of period 𝑡, the de-

cision maker can use demand realizations {𝑑𝑖1, 𝑑𝑖2,… , 𝑑𝑖𝑡} to update the
posterior distribution of the parameters according to Bayes’ theorem:

𝑓 (𝜑𝑖1,… , 𝜑𝑖𝑇 ,𝐰𝐢|𝑑𝑖1,… , 𝑑𝑖𝑡)

=
𝑓 (𝜑𝑖1,… , 𝜑𝑖𝑇 ,𝐰𝐢)𝑓 (𝜑𝑖1,… , 𝜑𝑖𝑇 ,𝐰𝐢|𝑑𝑖1,… , 𝑑𝑖𝑡)

𝑓 (𝑑𝑖1,… , 𝑑𝑖𝑡)

where 𝑓 (𝑑𝑖1,… , 𝑑𝑖𝑡) = ∫ ... ∫ 𝑓 (𝜑𝑖1,… , 𝜑𝑖𝑇 ,𝐰𝐢)𝑓 (𝑑𝑖1,… , 𝑑𝑖𝑡|𝜑𝑖1,… , 𝜑𝑖𝑇 ,
𝐰 )d𝜑 ...d𝜑 d𝐰 .
𝐢 𝑖1 𝑖𝑇 𝐢
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Fig. 11. Comparison of investment behaviors with and without additional demand data.
Based on the standard assumptions on conditional independency,

𝑓 (𝑑𝑖1,… , 𝑑𝑖𝑡|𝜑𝑖1,… , 𝜑𝑖𝑇 ,𝐰𝐢) =
𝑡

∏

𝜏=1
𝑓 (𝑑𝑖𝜏 |𝜑𝑖1,… , 𝜑𝑖𝑇 ,𝐰𝐢)

=
𝑡

∏

𝜏=1
𝑓 (𝑑𝑖𝜏 |𝜑𝑖𝜏 ,𝐰𝐢)

It follows as described in Winkler (1975) that:

𝑓 (𝜑𝑖1,… , 𝜑𝑖𝑇 ,𝐰𝐢|𝑑𝑖1,… , 𝑑𝑖𝑡)

= 𝑓 (𝜑𝑖1,… , 𝜑𝑖𝑡,𝐰𝐢|𝑑𝑖1,… , 𝑑𝑖𝑡)𝑓 (𝜑𝑖(𝑡+1)..., 𝜑𝑖𝑇 , |𝜑𝑖1,… , 𝜑𝑖𝑡,𝐰𝐢).

A common theoretical issue for nonstationary demand distributions
is the treatment of the salvage value of the terminal capacity level. For
stationary demand distributions, this is not an issue because the firm’s
undiscounted profit in any period beyond period 𝑇 is the same as that in
period 𝑇 as seen in the last term of Eq. (5). As in the known distribution
case, we assume that the demand distribution beyond the planning
horizon, i.e. for 𝑡 > 𝑇 , is the same as that of period 𝑇 since the estimates
for last period are the latest estimates which incorporate all available
information. Alternatively, we can extend the planning horizon such
that it is somewhat reasonable to assume that the salvage value of the
terminal capacity is zero. However, this alternative approach might not
be as realistic because firms may rarely do such long-term capacity
planning.

In the following subsections, we look into the cases when the de-
mand shifts over time are deterministically and stochastically unknown
within the general Bayesian inference and decision framework.

5.2.1. Unknown distribution parameters with deterministic trend
Consider the general deterministic case 𝜑𝑖𝑡 = 𝜓(𝑡;𝐰𝐢), where 𝐰𝐢 is

a vector of parameters characterizing how the rate parameters change
over time. In the first period, i.e. 𝑡 = 1, the prior distribution of the
rate parameter 𝜑𝑖1 can be characterized as 𝜓(𝑡 = 1;𝐰𝐢) ∼ 𝐺𝑎𝑚𝑚𝑎(𝐚𝑜𝐢 ,𝐛

𝑜
𝐢 ),

where 𝐚𝑜𝐢 and 𝐛𝑜𝐢 are the two vectors of hyperparameters which have the
same dimension as 𝐰𝐢. The procedure to update 𝐰𝐢, 𝐚𝐢𝐭 and 𝐛𝐢𝐭 are the
same as that for the case with stationary demand discussed above.

We now look at a special case where the rate parameters of the
demand distributions for product line 𝑖 reveal a linear time-dependent
trend, i.e., 𝜑𝑖𝑡 = 𝜔𝑖𝑡, where 𝜔𝑖 is the unknown linear trend factor that
links the prior distribution of each period (Popovic, 1987, Kamath and
Pakkala, 2002). In the first period, the prior distribution of the rate
parameter is 𝜑𝑖1 ≡ 𝜔𝑖 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑎𝑜𝑖 , 𝑏

𝑜
𝑖 ). After observing the demand

realization 𝑑𝑖1, the posterior distribution is 𝜔𝑖|𝑑𝑖1 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑎𝑜𝑖 + 𝛼𝑖, 𝑏
𝑜
𝑖 +
14

𝑑𝑖1). Notice that for a gamma distribution, if 𝜔 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑎, 𝑏), then
𝜔𝑡 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑎, 𝑏𝑡 ). Hence, the prior distribution of the rate parameter
in the second period is

𝜑𝑖2|𝑑𝑖1 ≡ 2𝜔𝑖|𝑑𝑖1 ∼ 𝐺𝑎𝑚𝑚𝑎(𝑎𝑜𝑖 + 𝛼
𝑜
𝑖 ,
𝑏𝑜𝑖 + 𝑑𝑖1

2
).

After observing the demand realization 𝑑𝑖2, the posterior distribution of
the rate parameter in the second period follows to be

𝜑𝑖2|𝑑𝑖1, 𝑑𝑖2 ∼ 𝐺𝑎𝑚𝑚𝑎
(

𝑎𝑜𝑖 + 2𝛼𝑖,
𝑏𝑜𝑖 + 𝑑𝑖1

2
+ 𝑑𝑖2

)

,

while the posterior distribution of 𝜔𝑖 in the second period is

𝜔𝑖|𝑑𝑖1, 𝑑𝑖2 ≡
𝜑𝑖2
𝑡
|𝑑𝑖1, 𝑑𝑖2 ∼ 𝐺𝑎𝑚𝑚𝑎

(

𝑎𝑜𝑖 + 2𝛼𝑖, 2(
𝑏𝑜𝑖 + 𝑑𝑖1

2
+ 𝑑𝑖2)

)

.

Following the same procedure, we can derive by induction that the
prior distribution of the rate parameter in period 𝑡 is

𝜑𝑖𝑡|𝑑𝑖1,… , 𝑑𝑖(𝑡−1)

≡ 𝜔𝑖𝑡|𝑑𝑖1,… , 𝑑𝑖(𝑡−1) ∼ 𝐺𝑎𝑚𝑚𝑎

(

𝑎𝑜𝑖 + (𝑡 − 1)𝛼𝑖,
𝑏𝑜𝑖 +

∑𝑡−1
𝜏=1 𝜏𝑑𝑖𝜏
𝑡

)

. (21)

Hence, the Bayesian updating framework for the unknown but
constant parameter still applies for the case of unknown and time-
dependent demand distributions. Our analysis and results in Section 5.1
remain unchanged except that we replace 𝑏𝑖𝑡 by 𝑏𝑜𝑖 +

∑𝑡−1
𝜏=1 𝜏𝑑𝑖𝜏
𝑡 . Also dif-

ferent from the case of the unknown and constant rate parameter,
expression (21) shows that demand realizations in recent periods have
higher weights and thus have a large impact on the estimation of
𝜑𝑖𝑡. The reason is that demand realizations in previous periods (𝜏 =
1, 2,… , 𝑡) impacts the estimation of 𝑏𝑖𝑡 indirectly through 𝜔𝑖𝑡, which is
used to estimate 𝑏𝑖𝑡. However, the demand realization in the current
period is directly used to come up with the posterior distribution.

We can extend the analysis of the linear time-dependent trend to
capture the general case 𝜑𝑖𝑡 = 𝜓(𝑡;𝐰𝐢). The procedure to update 𝐰𝐢, 𝐚𝐢𝐭
and 𝐛𝐢𝐭 are the same as the linear trend case discussed above. However,
there might not exist a closed-form result for a general deterministic
trend function and numerical approaches may need to be used.

5.2.2. Unknown distribution parameters with stochastic trend
Stochasticity can also be included into the trend relationship 𝜓(⋅).

Suppose shifts in the rate parameter from one period to the next follow
a random walk, i.e. 𝜑𝑖 = 𝜑𝑖(𝑡−1) + 𝜀𝑖𝑡, where 𝜀𝑖𝑡 are independently and
identically distributed according to a normal distribution with mean 𝜇𝑖
and variance 𝜎2𝑖 , i.e. 𝜑𝑖𝑡 ∼ 𝑁𝑜𝑟𝑚𝑎𝑙(𝜑𝑖(𝑡−1) + 𝜇𝑖, 𝜎2𝑖 ). If the distribution
parameters (𝜇 , 𝜎2) are known, we can easily extend our analysis for
𝑖 𝑖
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the deterministic trend to deal with stochastic trend. Specifically, the
posterior distribution of 𝜑𝑖(𝑡−1) in period 𝑡 − 1 after the decision maker
bserves 𝑑𝑖𝑡 is 𝜑𝑖(𝑡−1)|𝑑𝑖(𝑡−1) ∼ 𝐺𝑎𝑚𝑚𝑎(𝛼𝑖(𝑡−1), 𝑏𝑖(𝑡−1)) where 𝛼𝑖(𝑡−1) =
𝑎𝑜𝑖(𝑡−1) + 𝛼𝑖 and 𝑏𝑖(𝑡−1) = 𝑏𝑜𝑖(𝑡−1) + 𝑑𝑖(𝑡−1). This posterior distribution can
then be used to form an updated belief on the distribution of 𝜑𝑖𝑡 as
follows:

𝑓 (𝜑𝑖𝑡) = ∫ 𝑓 (𝜑𝑖𝑡|𝜑𝑖(𝑡−1), 𝜇𝑖, 𝜎2𝑖 )𝑓 (𝜑𝑖(𝑡−1)|𝑑𝑖(𝑡−1))d𝜑𝑖(𝑡−1)

= ∫
1

√

2𝜋𝜎𝑖
𝑒
𝜑𝑖𝑡−(𝜇𝑖+𝜑𝑖(𝑡−1))

2

2𝜎2𝑖
𝑏
𝑎𝑖(𝑡−1)
𝑖(𝑡−1)𝜑

𝑎𝑖(𝑡−1)−1
𝑖(𝑡−1) 𝑒−𝑏𝑖(𝑡−1)𝜑𝑖

𝛤 (𝑎𝑖)
d𝜑𝑖(𝑡−1)

We can use this updated distribution to replace 𝑓𝑎𝑖𝑡 ,𝑏𝑖𝑡 (𝜑𝑖) in Eq. (15).

6. Exploration of the robustness of the gamma distribution based
solutions to departures from the gamma distribution assumption

In this section, we expand our numerical analyses and explore the
robustness of the gamma distribution based solutions to departures
from the gamma distribution assumption for both known and partially
known demand distributions. These analyses consist of various cases
of comparisons involving the normal distribution as described in detail
below. In general, we conclude that the flexibility and tractability of
the gamma distribution, which allow for accurate approximations of
several common distributions, results in it being a good and practically
reasonable choice for modeling normal or other demand distribution.
On the other hand, in line with the empirical findings of Swan (2002),
we observe that the quality of approximations for normally distributed
demand deteriorate in the relatively less common cases where the mean
of the demand distribution is very low.

6.1. Known stationary demand distribution

We perform our analysis for the known stationary demand dis-
tribution case using two examples with different structures. In the
first example, demand distributions for two product lines are given
as 𝑁𝑜𝑟𝑚𝑎𝑙(10, 10) and 𝑁𝑜𝑟𝑚𝑎𝑙(20, 40). In the second example, which is
ased on the instance described in Fig. 4(a), the demand distributions
re 𝑁𝑜𝑟𝑚𝑎𝑙(1, 1) and 𝑁𝑜𝑟𝑚𝑎𝑙(0.5, 0.25), corresponding to an instance
ith lower parameter values. For both examples, we compare the opti-
al policies obtained through the direct use of the normal distribution

ersus their gamma approximations. We assume that unit investment
nd holding costs are given as 𝑐1 = 0.01, ℎ1 = 0.001, 𝑐2 = 0.005, and
2 = 0.0005.

For the first example, the corresponding gamma approximations for
𝑜𝑟𝑚𝑎𝑙(10, 10) and𝑁𝑜𝑟𝑚𝑎𝑙(20, 40) are 𝐺𝑎𝑚𝑚𝑎(10, 1) and 𝐺𝑎𝑚𝑚𝑎(10, 0.5),

espectively. In the interest of space, these results are illustrated in the
nline supplemental materials. In Figure C.3(a) and Figure C.3(c) we
how how the budget is split under different budget levels for the actual
istributions and their gamma approximations, while in Figure C.3(b)
nd Figure C.3(d) the same comparison is performed based on the split
f an additional unit of budget in the two cases. A clear similarity
n the corresponding plots within Fig. 4(a) is observed, indicating the
ccuracy of the approximation through the gamma distribution.

As an additional analysis, we also consider the case with periodic
udgets in each period and compare the results obtained under the nor-
al distribution and its gamma approximation. In Online Supplemental

igure C.4, we show the budget allocations for increasing, constant,
nd decreasing budgets over a five period planning horizon, where the
udget levels are the same as those described in Section 4.1.1. Again,
he accuracy of the approximations are observed, which demonstrates
he quality of the approximations in the periodic budget case for
istributions with large means.

For the second example, the demand distributions are 𝑁𝑜𝑟𝑚𝑎𝑙(1, 1)
nd 𝑁𝑜𝑟𝑚𝑎𝑙(0.5, 0.25), and the corresponding gamma approximations
re 𝐺𝑎𝑚𝑚𝑎(1, 1) and 𝐺𝑎𝑚𝑚𝑎(1, 2) respectively, which are the distri-
utions used in the first example in Section 4.1.2. We note that the
15
amma approximation of the normal distribution with small means as
n this example is known to be not very accurate, and thus we consider
uch an example for exploration purposes. The allocation of a given
udget among the two product lines under the demand distributions of
𝑎𝑚𝑚𝑎(1, 1) and 𝐺𝑎𝑚𝑚𝑎(1, 2) is shown in Figs. 4(a) and 4(b). When we

use the normal distributions directly in our modeling framework, the
corresponding budget allocation decisions for capacity expansion of the
two product lines are calculated to be as shown in Online Supplemental
Figures C.5(a) and Figure C.5(b).

Comparing these two plots with Figures 12b 4(a) and 12d 4(b), it
can be observed that while the optimal allocations are pretty much
the same for budgets levels less than 9 units, at larger budget levels
the gamma approximation results deviate from the normal distribution
case. More specifically, there is an overestimation of the optimal capac-
ity levels when the available budget gets high. Overall, we observe that
the quality and robustness of the gamma approximation of the normal
distribution are maintained for demand distributions with means that
are not too low, but the quality deteriorates when the mean of the
normally distributed demand is very low.

6.2. Partially known stationary demand distribution

We also study the robustness of the gamma approximation for the
partially known demand distributions case, which we address through
a Bayesian approach in our modeling framework. However, we note
that under Bayesian learning it is not possible to have an exact com-
parison between the normally distributed demand case and its gamma
approximation. This is because as the parameters of the posterior of the
unknown parameter 𝜑𝑖 are updated in 𝐺𝑎𝑚𝑚𝑎(𝛼𝑖, 𝜑𝑖), it has an impact
on both the mean and the variance of the distribution. On the other
hand, if either the mean or the variance is unknown in 𝑁𝑜𝑟𝑚𝑎𝑙(𝜇𝑖, 𝜎2𝑖 ),
the updates on the parameters of the posterior of that unknown param-
eter affect only the mean or the variance of the distribution, but not
both. Given this issue, we consider two cases or normally distributed
demand: one with known mean but unknown variance; and the other
with unknown mean but known variance. We derive the corresponding
optimal allocation equations separately for each case and then compare
the results with the gamma approximation using numerical examples.

6.2.1. Normally distributed demand with known mean and unknown vari-
ance

Assume that demand for product 𝑖 follows a normal distribution
𝑁𝑜𝑟𝑚𝑎𝑙(𝜇𝑖, 𝜎2𝑖 ), for which the decision maker knows the mean but
does not know the variance of the distribution. The decision maker
updates the belief in the distribution of the variance as market demand
is realized in each period. We derive the optimal capacity allocation
policy for this case under the Bayesian framework as a counterpart to
the equation in Proposition 4 the following equation to be solved for
optimal allocation of budget for two product lines:

−[(1 − 𝛽)𝑐1 + ℎ1]+
𝑠1𝑡𝑏

𝑎1𝑡
1𝑡 𝛤 (𝑎1𝑡 +

1
2 )𝑚1

√

2𝜋𝛤 (𝑎1𝑡)[
1
2 (𝑠1𝑡 − 𝜇1)

2 + 𝑏1𝑡]
𝑎1𝑡+

1
2

= −[(1 − 𝛽)𝑐2 + ℎ2]

+
𝑠2𝑡𝑏

𝑎2𝑡
2𝑡 𝛤 (𝑎2𝑡 +

1
2 )𝑚2

√

2𝜋𝛤 (𝑎2𝑡)[
1
2 (𝑠2𝑡 − 𝜇2)

2 + 𝑏2𝑡]
𝑎2𝑡+

1
2

, (22)

The comparison of a Normal distribution example and a Gamma
distribution example are shown in Online Supplemental Figure C.6 and
Figure C.7. If a normal distribution with known mean and unknown
variance is assumed, the resulting budget allocations for capacity ex-
pansion would be as shown in Figure C.6. The corresponding policy
when a gamma approximation is used for the similar set-up is shown
in Figure C.7. Although an exact comparison is not possible due to the
reasons mentioned above, when we consider the results in Figure C.6
and Figure C.7, there is a clear difference. This implies that if demand
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T

−

is distributed normally with known mean and unknown variance, an
approximation based on a gamma distribution with known shape pa-
rameter and unknown rate parameter is likely not to be an accurate
representation. We show below that the approximation is much better
when the mean of the normal distribution is unknown and the variance
is known.

6.2.2. Normally distributed demand with unknown mean and known vari-
ance

Similar to the setup above, in this section we assume that demand
distribution for each product line 𝑖 is again 𝑁𝑜𝑟𝑚𝑎𝑙(𝜇𝑖, 𝜎2𝑖 ), but the
variance of demand is known and the mean 𝜇𝑖 is unknown by the
decision maker. The conjugate prior for this case is also a normal
distribution with corresponding mean 𝑎𝑖 and variance 𝑏𝑖 as follows:

𝑓𝑎𝑖 ,𝑏𝑖 (𝜇𝑖) =
√

𝑏𝑖
2𝜋
𝑒−

𝑏𝑖 (𝜇𝑖−𝑎𝑖 )2
2

he counterpart of the equation in Proposition 4 is:

[(1 − 𝛽)𝑐1 + ℎ1] + 𝛽𝑚1𝑠1𝑡
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2
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2 (23)

By observing Online Supplemental Figure C.8, we get the optimal
budget allocations shown for the two product lines when a normal
distribution with unknown mean and known variance is assumed for
the demand of each product line. It can be shown that these results
are very similar to those in Figure C.7, where a gamma approximation
is used. Hence, it can be noted that gamma approximation is likely
to work well for cases involving normally distributed demands with
unknown means and known variances.

7. Conclusions

In this paper, we derive closed-form optimal resource allocation
policies for capacity expansion, which address the two dimensional
trade-offs in this problem: the split of budget among the portfolio of
capacity investment projects and the split of budget among multiple
decision periods. Complementary and distinct from other capacity ex-
pansion models, our analysis considers cases where an order is lost
completely if the firm does not have sufficient capacity to fulfill the
entire demand associated with the order. Moreover, instead of using
an exogenously given distribution of returns as a function of realized
demand and deriving results based on assumptions about the properties
of that return function, we formulate the return function directly
based on a stochastic distribution of market demand. As part of the
analysis, we identify the existence of an optimal capacity level for each
production line and derive the optimal path to reach this level both
under known demand distributions and unknown demand distributions
with Bayesian updating. We consider both stationary and nonstationary
demand cases for multi-production line multi-period versions of the
problem, and provide some numerical examples.

Our study has led to several managerial insights that can have
direct implications for decision-makers responsible for production line
capacity decisions including the following:

1. Our analysis demonstrates the existence of an optimal capacity
level for each production line, fundamentally influenced by the
unit investment cost, the unit holding cost, and the market
demand distribution. This insight suggests the critical balance
between cost efficiency and market responsiveness, advocat-
ing for a strategic approach to capacity planning that aligns
investment and holding costs with demand dynamics (Section 3).
16
2. The allocation of budget across two or multiple production lines
hinges on the marginal profit of each line, which in turn is
shaped by cost structures and demand patterns. Our findings
elucidate that:

(a) In contexts of extremely limited budget availability, cost
advantages dictate budget prioritization towards more
cost-saving production lines.

(b) Conversely, when the budget limitation becomes more
relaxed, the allocation decisions are predominantly influ-
enced by the marginal returns, which is determined by
the interplay between cost and demand (Section 4.1.2).

3. In the face of non-stationary demand – characteristic of many
NIE manufacturers experiencing growth – strategic budget al-
location over multiple periods becomes imperative. Our study
highlights:

(a) The proactive adjustment of budget allocation in antici-
pation of demand surges, suggesting that forward-looking
planning can significantly benefit firms in volatile mar-
kets.

(b) The resilience of temporarily less-favored production lin-
es, which are capable of reclaiming budgetary resources
following the resolution of demand fluctuations.

(c) The value of moderate-term demand forecasting as a tool
for strategic budget allocation, enabling firms to effec-
tively navigate anticipated market changes (Section 4.2).

4. Our exploration of myopic budget allocation strategies reveals
their potential as viable, simplified alternatives to more complex
optimal strategies, particularly in dynamic demand environ-
ments. Despite their simplicity, myopic strategies closely align
with the outcomes of optimal policies. This adaptability sug-
gests that myopic strategies can serve as practical, efficient ap-
proaches for managing budget allocation in real-time, reducing
computational burdens while maintaining strategic effectiveness
(Section 5.1.2).

By integrating these insights into strategic planning, managers can
enhance their capacity expansion decisions, placing them more closely
with market realities and optimizing their budget allocation to maxi-
mize profitability and competitiveness.

Meanwhile, we concur that the dynamic capacity expansion prob-
lems may involve several additional complexities that are not explicitly
captured by the modeling assumptions in this paper. One such ex-
tension is the deterioration or growth of capacity due to learning
effects. This can be incorporated into the model by slightly changing
the capacity accumulation Eq. (1) through the addition of a multiplier
to represent deterioration or growth effects. In addition, we have not
analyzed the impact of decreasing unit investment costs and economies
of scale on capacity expansion. While decreasing investment costs
can be modeled by replacing the costs 𝑐𝑖 by a function 𝑐𝑖𝑡 = 𝑐(𝑡),
incorporating economies of scale into the model would impact the
concavity of the value function and would result in limitations in the
analysis.

In conclusion, our research represents a unique angle in understand-
ing optimal resource allocation policies for capacity expansion. Our
model addresses trade-offs in budget allocation among multiple pro-
duction lines and multiple decision periods. The closed-form solutions
derived provide a rigorous, comprehensive framework for managing
capacity investment, with unique considerations for unfulfilled orders
and a novel formulation of the return function. Our study provides
managerial insights, guiding strategic decisions tied to cost structures,
market demand, budget availability, and dynamic demand scenarios.

It also opens the door to future research, particularly in areas such as
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capacity deterioration or growth due to learning effects, and the im-
plications of decreasing unit investment costs and economies of scale.
Ultimately, this paper contributes to the broader understanding of ca-
pacity expansion, enhancing both efficiency and responsiveness in the
market environment in the era of global supply chain reconfiguration.
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