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We investigate the impact of store capacity and extent of inter-product substitution in a retailer’s assortment on the optimal
timing and depth of price promotions. We develop a stylised model of a monopolistic retailer selling two substitutable
products over time, where demand for each product in each period is a function of the prices of both products in that and
earlier periods as well as the degree of substitution between the two periods. We present closed-form solutions to limiting
cases of the model, and observe the following: When retailers optimise profits, (1) price promotions are relatively deeper in
both absolute and relative terms at higher capacity stores than at low capacity stores, (2) price promotions for more expensive
products are relatively deeper (shallower) in both absolute and relative terms than price promotions for cheaper products
if the degree of substitution is low (high) and (3) the products are sequentially promoted if the degree of substitution is
low, and simultaneously promoted if the degree of substitution is high. To confirm that these insights from a simple stylised
two-product model are relevant in practice, we survey price promotions within the shampoo and detergent assortments of
four mass-market retailers, and observe behaviour corresponding to the results from our stylised model.

Keywords: promotions; pricing; retailing

1. Introduction

Effective revenue management strategies for fast moving consumer goods often focus on price promotions. Indeed, price
promotions account for 31% of marketing budgets on average (Gelb, Andrews, and Lam 2007). In settings with competing
products, however, determining the optimal depth and timing of sales is complicated by potential inter-product and inter-
temporal substitutions. Intuitively, issues of consumer loyalty and price sensitivity interact with operational issues like
inventory or stocking levels of competing products. All of these should have a role to play in determining effective promotion
plans, although the precise nature of that role is not immediately apparent. In this paper, we explore these issues focusing on
how the interplay of inter-temporal and inter-product substitution, price sensitivity and available store capacity (shelf space,
or maximum stocking level) impacts the timing and depth of price promotions.

Consider, for example, the shampoo assortment carried at two representative stores of large Canadian retailer chains,
Metro and Provigo (note that these are two of the four chains represented in a data-set that will be discussed later in
this document). The stores vary in terms of the store capacity devoted to shampoo — Metro devotes 8.5 m? of aisle space
to stocking its shampoo assortment, while Provigo, being relatively larger, devotes 33.8 m? of aisle space to stocking
shampoos. Metro and Provigo also vary in the extent of potential inter-product substitution opportunities — Metro offers
44 unique shampoos, while Provigo offers 77, suggesting a higher degree of potential substitution at Provigo. In addition,
both retailers offer both inexpensive and more expensive shampoos within their assortments (for example, Provigo sells
equal-sized bottles of Sunsilk T hermashine for $3.95 and Dove Go Fresh for $6.95.) Together, these retail characteristics
raise a variety of challenging questions. For example, should Metro set relatively deeper or shallower price discounts on its
shampoos, compared to Provigo, which has larger capacity than Metro? Should price promotions be relatively larger for
more expensive (e.g. Dove) or inexpensive (e.g. Sunsilk) products? Does the degree of inter-product substitution (potentially
high at Provigo, lower at Metro) influence the depth of price promotions? Should Metro and Provigo promote Dove and
Sunsilk shampoos simultaneously, or should they be promoted sequentially? Does the degree of inter-product substitution
in their assortment (potentially high at Provigo, low at Metro) influence the timing of price promotions?

Indeed, the marketing literature provides compelling empirical evidence for the impact of inter-temporal and inter-product
substitution effects on demand. Draganska and Jain (2006) provide evidence of inter-product demand interactions and show
that firms exploit these interactions to differentiate between customers with differing valuations. Pesendorfer (2002) analyses
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price and sales data in a dynamic multi-product environment, and shows that demand for a particular product depends on
both current and past prices of that product and its substitutes. For example, Pesendorfer (2002) shows that, holding other
variables constant, a one per cent increase in last week’s price for product (Heinz ketchup) increases current-period demand
for product A by 2.1 per cent, and a one per cent increase in last week’s price of product B (Hunts ketchup) increases
current-period demand for A by one per cent. These findings suggest that, depending on pricing decisions, customers may
delay their purchases — wait for the sale — or change their preferences — switch products.

There is also significant empirical evidence that promotion and stocking decisions need to be coordinated. Corsten and
Gruen (2003), and Taylor and Fawcett (2001), for instance, show that out-of-stock rates for promoted items are significantly
higher than those for non-promoted items.! They also analyse the root causes of out-of-stock incidences, and identify lack
of coordination between pricing and stocking decisions as the most significant source of the problem.

1.1 Research questions and summary of results

In this paper, we address the following three research questions:

(1) How should the space available for a product in a store (the capacity) influence the depth of the discount offered
during a price promotion?

(2) How should the potential for inter-product substitution within retail assortment influence the depth of discounts
offered during price promotions, and should this effect be different for relatively cheap and relatively expensive
products?

(3) How should inter-product substitution within retail assortment influence the timing of price promotions for both
more expensive and inexpensive products?

To generate insight into these questions, we begin with a stylised discrete-time model of a monopolistic retailer selling
two substitutable products over a finite number of time periods to customers who are heterogenous in several dimensions.
In each period, the firm coordinates pricing and inventory-ordering decisions for the products. Demand for each product in
each period is a function of the prices of both products in that period as well as in the previous period. Although even a
relatively simple demand function with these characteristics leads to an intractable model, we are able to characterise optimal
policies for several limiting cases, and observe the following: First, our analysis suggests that the optimal depth of price
promotions for a product is increasing in the retail capacity allocated to that product. Second, we find that as the level of
product substitution increases, the retailer should offer deeper and deeper discounts for the cheaper product relative to the
discount offered for the more expensive product. Finally, we find that if the level of product substitution is relatively high,
the retailer should promote products simultaneously, whereas as the degree of substitution decreases, the retailer benefits
more from promoting products sequentially.

Our model is highly stylised, and also we analyse limiting cases of the model, so we turn to empirical analysis to
confirm our observations. Specifically, we explore price promotion strategies within the shampoo and detergent categories
at four mass-market retailers (Provigo, Metro, Loblaws, and IGA) located in Canada. Given the contents of our data-set,
we assume that the number of unique products in a category carried by a store is a proxy for the degree of substitution in a
category and the extent of aisle space allotted to a product category is a proxy for available store capacity for that category.
Based on these assumptions, we make the following observations, which corroborate with our analytical results: Stores
with larger capacity to stock products offer deeper discounts compared to stores with comparatively smaller retail capacity.
Also, price promotions offered on more expensive products are deeper than those offered on cheaper products if the extent
of inter-product substitution is low. Finally, stores sequentially promote products within the same category if the extent of
inter-product substitution available within their assortment is low, and simultaneously promote products if the degree of
substitution is high. To the best of our knowledge, our paper is the first to explore how store capacity and product substitution
within retail assortment should correlate with the timing and depth of price promotions offered by retailers.

1.2 Related literature

There is a rich literature in operations management, often referred to as revenue management, that considers (i) time-based
and (ii) product-based substitution effects on dynamic pricing problems. For instance, Ahn, Glimiis, and Kaminsky (2007)
and Ahn, Giimiis, and Kaminsky (2009) consider a monopolistic firm selling a single product and analyse the impact of inter-
temporal demand interactions on pricing and inventory-ordering decisions. Aviv and Pazgal (2008) and Elmaghraby, Giilcii,
and Keskinocak (2008) characterise optimal markdown pricing policies with two or more price levels. Research in the second
category models the impact of demand interactions among products on pricing decisions. In this stream of literature, a seller
either makes assortment decisions without changing prices (see, e.g. Cachon and Kok 2007; Aydin and Hausman 2009) or as
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in our model, a seller dynamically changes the prices for a fixed assortment (see, e.g. Kimes 1989; Harris and Pinder 1995;
Aydin and Porteus 2008; Dong, Kouvelis, and Tian 2009). Review papers by McGill and van Ryzin (1999), Elmaghraby and
Keskinocak (2003) and Shen and Su (2007) provide comprehensive surveys of this literature. To the best of our knowledge,
the models in this literature focus on either inter-temporal demand substitution in a single-product framework or inter-product
demand substitution in a single/multi-period setting with no interactions between periods. Our analysis enriches this literature
by modelling both inter-temporal and inter-product substitution effects in a capacitated retail environment, and analysing
the impact of capacity and substitution on promotion decisions. In addition to revenue management where inventory is not
replenished after the starting of the selling season, researchers also consider joint dynamic pricing and inventory control under
variety of assumptions, including no set-up cost (Federgruen and Heching 1999), non-zero set-up cost (Chen and Simchi-
Levi 2004; Huh and Janakiraman 2008), lost sales (Chen, Ray, and Song 2006) and multiplicative demand uncertainty
(Song, Ray, and Boyaci 2009). A comprehensive survey of joint dynamic pricing and inventory control can be found in
Chan et al. (2004). However, most of these models employ simple demand functions in which demand is affected only by
current pricing decisions.

There is also significant prior research on price promotions in the marketing literature, including theoretical and empirical
studies as well as studies combining theory and empirical analysis. Theoretical articles on price promotions in the marketing
literature have dealt with diverse issues such as firm and consumer asymmetry (Narasimhan 1988), dynamic competition
(Lal 1990a), interaction between manufacturers and retailers (Lal and Villas-Boas 1998), and price-matching guarantees
(Chen, Narasimhan, and John Zhang 2001). Empirical articles on price promotions in the marketing literature have tested the
implications of inter-temporal price dispersion models developed in Varian (1980) and Narasimhan (1988). In these models,
the temporary price promotions are interpreted as mixed-strategy equilibria and caused by customer search costs. Extensive
literature reviews are also available (see Villas-Boas 1995; Rao, Arjunji, and Murthi 1995; Blattberg, Briesch, and Fox 1995).
However, we are aware of little effort to investigate how retail capacity and degree of product substitution in retail assortment
influence the timing and depth of price promotions. Our paper attempts to fill this gap in the literature.

Past research related to our paper includes (Lal 1990a; Freimer and Horsky 2008; Silva-Risso, Bucklin, and Morrison
1999). Lal (1990a) models the timing of price promotions by two national firms and one local firm competing in a market
with switchers and loyal customers. He shows that the national firms should set price promotions sequentially, if there are a
sufficiently large number of switchers in the market. Our paper enriches this line of thinking by analysing how the degree
of product substitution in a retailer’s assortment drives the timing of price promotions. Freimer and Horsky (2008) explain
the effect of consumer learning on price promotions. They examine whether it is optimal for competing national brands to
offer periodic price promotions when price changes allow consumers to learn by trying out a product. They find that brands
periodically reduce their prices to induce purchases by non-buyers of the brands. These consumers may, after learning about
the characteristics and fit of the brands, decide to continue purchasing them even if their prices are later increased. In related
work, (Silva-Risso, Bucklin, and Morrison 1999) propose a decision-support system for an optimal sales promotion calendar
for the frequency, depth and duration of deals and how these are affected by changes in market response, competitive activities
and pass-through rates. Our paper enriches this literature by studying how retail assortment characteristics impact the optimal
timing and depth of price promotions.

2. Model and analysis

To generate initial insight into the research questions outlined above, we develop a stylised model of a monopolistic retailer
with heterogeneous customers.

2.1 Retailer

Consider a monopolistic retailer who sells two substitutable products belonging to a common product category over a finite
number of time periods. Let M = {1, 2} denote the set of product indices and let T = {1, ..., T} denote the set of time
indices. ¢/ € M denotes the retailer’s unit cost of product i, and without loss of generality, let ¢! < ¢?, so that product 1 is
relatively cheaper than product 2. At the beginning of each period ¢ € T, the retailer sets the unit prices, p!, for both products
i € M, where prices are scaled to range between 0 and 1, so 0 < pﬁ < 1. Finally, let g denote the maximum store capacity,
and let D;' (p) denote the demand for product i at period 7, where p represents the vector of prices across both products and
all time periods.

Specifically, to address the research questions raised in Section 1, we develop a simple, stylised demand function Df
that has three components, one representing the demand for each product in that period due to the price of that product (the
standard linear demand function, which we call base demand), one representing inter-temporal demand, which is specific
to each product (the demand in this period because the price for a product is lower than the price of that product in the
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Figure 1. Illustration of demand function (assuming ptj_l < ptj < pi_l).

previous period) and one representing inter-product demand due to demand that was originally for other products, both in
this period and in the previous period (substitution). We utilise the following function, which captures these characteristics
in a reasonable but relatively tractable way, and discuss this function in more detail below:

Substitution Effects

Product Specific
Intertemporal Effect Current Substitution Intertemporal Substitution
Base Demand
—
—_——

. > . 7+ . 1+ . . .
Di(pp= 1-pi +(1—ﬁ)a[pi_1—pé] +B [pf—pi] +a[min(p§_1,p{,])—pi]

+

where [x]T = max(x, 0),i, j € {1,2} and i # .

The three components of the demand function are labelled in the equation above and illustrated in Figure 1. Base demand
for a product i represents the demand for product i in period ¢ (as a fraction of the total potential period ¢ market) that will
result from pricing the product at p! using a simple linear> demand function 1 — pi. Observe that base demand decreases
linearly in price and recall that much of the operations/pricing literature focuses on this demand.

In addition to the base demand, we consider two terms. The first term, the product-specific intertemporal effect, captures
the increase over base demand for product i in period ¢ if the price is lower in this period than in period ¢+ — 1 (which
we conceptualise as a portion of the period r — 1 market that ‘waits for the period ¢ sale’). We model this by multiplying
PL] — pi, the price difference between period ¢ and the previous period, by a factor «, where « represents the degree of
demand interaction across periods. This type of demand function is also considered in Ahn, Giimiis, and Kaminsky (2007)
to model inter-temporal substitution.

Finally, we model the increase over base demand for product i in period ¢ due to substitution effects between product i
and alternative product j, and this consists of two subeffects. The first of these captures so-called current substitution that
results if p!, the price for product i in period ¢ is less than p;, the price of the alternative product. Note that the increase
in demand due to inter-product substitution is captured only by the product whose price is lower in period 7. Specifically, if
product i is less expensive than product j in period ¢, then, product i is substituted for product j by consumers who initially
preferred product j, but found it too expensive. We model this for both products using the positive price difference between
product i and product j as a proxy for the degree of inter-product demand substitution. The second subcomponent of this
term captures demand for product i in period 7 if its price is also lower than that of product j in the previous period, r — 1.
Similar to the first subcomponent, the increase in demand due to inter-temporal substitution is captured only by the product
whose price at ¢ is the lowest in both periods ¢ and ¢ — 1. Therefore, we use the positive price difference between the lowest
price in period ¢t — 1 and the price of product i in period ¢ as a proxy for inter-temporal substitution effect and multiply it by
the same factor «.

We combine all of these terms to develop our overall demand function. We weight the product specific and non-specific
demand components by 1 — B and g, respectively. Specifically, the complement of 8, i.e. | — B, measures the relative



Downloaded by [McGill University Library] at 10:01 24 November 2015

International Journal of Production Research 5

weight of product specific effects and substitution effects (and thus represents product loyalty/substitutability).> As shown in
Figure 1, this demand function has intuitively desirable characteristics: demand in period ¢ is decreasing piecewise linearly
in price in period ¢, increasing in the price difference (that is, how much lower the price is) in period ¢ vs. the price in the
previous period, and increasing in the price difference (that is, how much lower the price is) between this product and the
alternative product in period 7 and in the previous period.

This demand function also follows from a stylised model of consumer behaviour in this system. In Appendix 1, we
describe a system in which two cohorts of new customers arrive each period, half with a preference for one product, and
half with a preference for the other. Each consumer has his or her on valuation for the preferred product, some fraction of
consumers are loyal to their product while some are willing to substitute if their preferred product is too expensive, and some
customers will stay in the market for more than one period if their valuation is not met in the first period, while others will
leave after one period if their valuation is not met. In Appendix 1, we explain how this setting leads to our demand function.

Note that to facilitate subsequent analysis, intertemporal effects are limited to a single period (so that demand in period ¢
is impacted by pricing decisions in period ¢ — 1, but not earlier). Also, recall that intercept and slope of the current demand
component are assumed to be 1 and —1, respectively, in our demand function. However, these assumptions are not restrictive.
In fact, we have performed additional analysis* using more complicated demand models where the intercept and slope of the
current demand component are more general than 1 and —1, respectively, and product-specific and inter-temporal demand
effects last for more than a single period. It turns out that most of our qualitative theoretical insights are consistent with
computational testing of these more complicated demand models, although not all of them can then be proved analytically.

The retailer’s objective is to find an optimal pricing plan ( p*) that maximises total profit (1a) subject to constraints on
the store capacity and bounds on feasible prices:

T
(Py) max ‘Z Y (pi —HDi(p) (1a)
i=1,2t=1
st Y Di(pp<q VieT (1b)
i=1,2
0<p <1 VreTandice(l,2) (1¢c)

We use this model to develop insights into optimal promotion strategies in the presence of inter-product substitution
(measured by ) and retail store capacity (measured by ¢). However, there are two factors that complicate the complete
characterisation of optimal pricing strategies. First, the demands for both products are interrelated in each period. This inter-
product dependency prevents us from decomposing the problem into two single-product problems (each of which is analyzed
in Ahn, Glimiig, and Kaminsky (2007)). Secondly, the capacity constraints in each period introduce additional inter-temporal
dependencies between optimal pricing decisions in different periods, which is not analytically captured in Ahn, Giimiis, and
Kaminsky (2007). In order to simplify the analysis and to develop useful insights, we focus on the various limiting cases of
B and g. Specifically, we first consider the uncapacitated version of our model (where ¢ = 00), and analyze two limiting
cases (namely, 8 = 0 and 8 = 1) in Section 3. This enables us to better understand the effects of interproduct substitution on
optimal promotion strategies and on the timing and depth of price promotions. Next, in Section 4, we consider capacitated
version (where ¢ is finite) and analyse the same two limiting cases, 8 = 0 and § = 1, to investigate how retail capacity
affects both depth and timing of price promotions.

3. The impact of product substitution under unbounded store capacity

Recall that in addition to base demand, D! (p) has two additional components that model the product-specific and inter-product
substitution effects, weighted by 1 — 8 and 3, respectively. In Section 3.1, we analyse a demand function exclusively consisting
of product-specific effects, i.e. 8 = 0. Similarly, in Section 3.2, we analyse a demand model exclusively consisting of inter-
product substitution effects, i.e. B = 1. This analysis gives insight into the impact of degree of substitution, 8, on optimal
pricing decisions — in Section 3.3 we use computational experiments to establish that the intermediate cases (0 < 8 < 1)
fall between the two limiting cases for which we have derived closed-form solutions.

3.1 When there is no inter-product substitution (f = 0)

Note that when B8 = 0, there is no interaction between the product, so model (P;) can be decomposed into two independent
problems. In this benchmark case, we can employ the analysis developed by Ahn, Giimiis, and Kaminsky (2007) to characterise
the optimal pricing plan as follows”:
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ProprosiTiON 1  The retailer follows a high—low pricing strategy when there is no inter-product substitution (f = 0) and
store capacity is unbounded (¢ = 00). The optimal pricing strategy Vi € {1, 2} involves alternating between the following
high- and low prices:

; 1+ 1—¢ a2+ )
Phi =" 2

J o 1+ 1—¢ a2 —a)
an = —
da+4—a? Plo =" 2 \da14-a2

Proposition 1 indicates that model ( Ps) can be decomposed into two independent pricing problems, one for each product.
Observe that in the context of this model, when there is no interaction between products, although it is feasible to use a long
and complex sequence of prices, the full benefit of dynamic pricing strategy can be obtained using only two price levels for
each product. Chen, Wu, and Yao (2010) reached a similar conclusion using a stochastic model.

3.2 When there is inter-product substitution (8 = 1)

Next, we explore Model (Py) setting ¢ = oo and B = 1, so that there are no capacity constraints and no product-specific
intertemporal effects. In contrast to the previous section, the demand functions for products i and j are interrelated. Therefore,
we cannot decompose the problem into two separate subproblems. However, it is always optimal for the firm (recall that the
firm is a monopolist) to price products according to their marginal costs. In other words, we can show that since ¢> > ¢!,
we have p,2 > p,l. This implies that the firm uses pricing to segment customers, a result that is consistent with the price
differentiation literature. For example, Draganska and Jain (2006) present empirical evidence that firms increase their profits
by segmenting their customers based on multi-product pricing strategies. This observation allows us to express the price of

product 2 in terms of the cheaper product 1, as follows:

LemMa 1 When B = 1, the optimal price of the more expensive product pt2 in terms of the price of the cheaper product

p,l, givenc? > ¢l is

» 1+p! +c2—c1
Pr=" 2
By employing the above characterisation, we can transform the retailer’s optimisation problem into a single-product
problem defined on product 1. Once the optimal prices for product 1 are characterised, Lemma 1 can be used to obtain
the optimal prices for product 2 as well. The following result provides the optimal pricing strategies for both products in

closed-form:

ProposiTiON 2 The retailer follows a high—low pricing strategy when 8 = 1 and store capacity is unbounded (g = 00).
The optimal pricing strategy involves alternating between the following high and low prices:

1 3(1=chH | 2=¢! 2(7/2+60) .
b= ¢+ [ 7t 2 ] 707/ 2+ 4a) 8 fori=1 )
hi 7] 142 3(1=ch) | 2=¢! 7/2+60 .
T [ 7t 7 | 70214082 fori=2.
1 3(1=ch | 2=¢! 2(7/242a) -
i _ et [ 7 T3 ] Tt Jori=1 3
P = ( )

3 27,
Ea [3“; o LQ?I] s fori=2.

Observe that similar to the pattern characterised in Proposition 1, it is only necessary to use two prices for each product,
and the optimal price for each product outlined in Proposition 2 consists of a base component and an adjustment term that
is larger in the high-priced period than in the low priced period. However, both base price and the adjustment terms are
affected by the presence of inter-product demand substitution. Specifically, while the base price component for both products
under B = 0 is equal to the optimal non-interaction price® (i.e. %), the same holds true only for product 2 under g = 1.
On the other hand, the base price for the product 1 is equal to its marginal cost (i.e. ¢!), which is less than the optimal
non-interaction price for that product. This discrepancy stems from the fact that when 8 = 1, product 1 is priced below its
non-interaction price in order to capture the substitution demand from product 2. Also, for the same reason, the optimal depth
of the markdown between two consecutive periods for product 1 is larger than that of product 2.

Given these differences between optimal prices under 8 = 0 and 8 = 1, Propositions 1 and 2 show that the effectiveness
of a one-period high/one-period low pricing strategy is quite robust to the degree of interaction among products. Hence, in
the next section, we restrict our attention to this specific pricing strategy, and explore how optimal high and low price levels
change with respect to the degree of interaction between products, i.e. .
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Figure 2. The change in absolute and relative differences between price promotions set for the relatively cheap product (Product 1) and
more expensive product (Product 2) with respect to . In this example, we assume that d=01,¢2=015and o = 1.

3.3 Sensitivity analysis with respect to 8

In this section, we study the effect of 3, i.e. the degree of product substitution, on the depth of price promotions — the difference
between high and low prices. Note that there are two alternative ways of measuring the difference: absolute difference, i.e.
Phi —Plo

Al‘f‘ = PZ:’ — pfo, and relative difference, i.e. Al.R = . In the next proposition, focusing on the two limiting cases of

Phi
B = 0and B = 1 characterised by Propositions 1 and 2 rhespectively, we compare both absolute and relative differences for
the less expensive product (product 1) to those for the more expensive one (product 2):

ProprosiTioNn 3 Comparison of the depth of price promotions for the cheaper product 1 and the more expensive product 2:

B Absolute price discount Relative price discount
B = 0 (no substitution) A‘f‘ < Aﬁ‘ Af < A§
B = 1 (full substitution) A‘l“ > A‘z“ Af > A§

Proposition 3 indicates that substitution and product-specific effects have an opposite impact on pricing strategy. If there
is no interaction between the two products (labeled no substitution), the retailer sets a shallower discount on the cheaper
product (product 1) compared to the discount set on the more expensive product 2. In contrast, if demands for two products
are interrelated (labeled full substitution), the decision is the opposite — the retailer sets a deeper discount on the cheaper
product.

The intuition behind Proposition 3 is as follows: Price promotions enable a retailer to inter-temporally differentiate high-
valuation consumers from low-valuation ones for both products. However, as 8 increases, a greater number of both high- and
low-valuation consumers switch from buying product 2 (more expensive) to product 1 (cheaper). This increases the incentive
for the retailer to price discriminate for the cheaper product, and thus to increase the discount offered for this product.

Although we are only able to analytically characterise optimal prices for the two limiting cases of 8, our numerical study
shows that as we might expect, when 0 < B < 1, the direction of discounts falls between these two extremes. For example, in
Figure 2(A) and (B), we present absolute and relative differences between optimal high and low prices as B changes between
0 and 1. Figure 2 illustrates that when g is large (interaction between the two products is strong), the lower priced product
has a larger price decrease than the higher priced product. However, as the degree of interaction decreases (8 approaches 0),
the higher priced product’s price drop increases relative to that of the lower-priced product.

4. The impact of bounded store capacity

In Section 3, we discussed the impact of the degree of inter-product substitution, 8, on price promotions under unbounded
retail capacity. In that case, we observed that the relative timing of price promotions is unaffected by g, and hence, we focused
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only on the depth of promotions. However, with finite retail capacity, both timing and depth of price promotion will be affected
by B, due to the relationship between capacity utilisation and pricing decisions. Specifically, capacity utilisation can enter
into the problem in two ways: First, when capacity is limited, it may be optimal to reduce the depth of price promotion in
order to more effectively utilise limited capacity. Second, when capacity is limited, the relative timing of promotions can
crucially impact capacity utilisation.

For example, consider the case when § = 0. The alternating one-period high/one-period low pricing strategy can be
implemented in two different ways: (i) the high and low prices for both products can be offered at the same time (so that
one period both products have high prices, and the next period both products have low prices — we call this the simultaneous
strategy), or (ii) the high and low prices can be offered at different times (so that in any period, one product has a high
price and the other has the low price — we call this the alternating strategy). Even though both strategies lead to exactly
the same total demand realisation for the firm, when capacity constraints are binding, they are very different in terms of
capacity utilisation. The simultaneous strategy requires that the firm leave some of the capacity unused when the price is
high (because of low demand). In contrast, the alternating strategy enables the firm to shift the allocation of capacity in each
period between the two products, and hence, leads to more effective capacity utilisation.

Thus, regardless of demand interaction, prices for the two products are linked due to this ‘capacity interaction’. Fur-
thermore, both price levels and specific timing of relative price offerings need to be explicitly determined in conjunction
with capacity utilisation decisions. A general analysis of pricing and timing of price promotions is analytically intractable,
so in order to better understand the impact of capacity constraints on the timing of price changes for different products, we
restrict our attention to simplified setting, infinite-horizon one-period high/one-period low pricing strategies, assuming that
two products have identical marginal costs (i.e. ¢/ = ¢ fori = {1, 2}). As in the previous section, we consider the 8 = 0 and
B = 1 cases, separately.

We can decompose the problem into an infinite series of the following two-period pricing problem where optimal prices
for periods t = {1, 2},i.e. p = (p {, pf, p%, p%) can be computed by solving the following mathematical program:

max Z Z Df(p)(pf—c) 4)

iefl,2) re{1,2}
s. t. Z Di(p) <q, Vte({l,2)
ie{l,2)
1 2 1 2 1 2 1 2 12 1 2
P = (P1: P> P2, P2) € (Ps = (Phis Piis Plos Pio)s Pa = (Phis Pios Plos Phi)}
0<pj, <pp =1 Vie{l,2)
The terms in the objective function account for the total profit, the first constraint models store capacity, and the

second constraint specifies either a simultaneous (i.e. p, = (p}li, pﬁi, pllo, plzo)) or an alternating strategy (i.e. p, =

( p}l i plzo, pllo, p%i)). The final constraints specify non-negativity of the decision variables. We characterise the optimal
solution to this problem as follows:

ProposiTiON 4 The timing of price promotions, given an infinite-horizon, stationary, one-period high and one-period low
pricing model with identical marginal costs (4), is as follows:

=0 p=1
Pricing strategy Alternating Simultaneous
k __ — ( 1 2 1 2 ) k — ( 1 2 1 2 )
P" = Pa = Ppi> Piys Ply> Phi P = Ps = Ppi» Phi> Plo> Plo
. . i . ] 2
Price of Product 1 Pl 1- %mlﬂ(‘]v 2 —a) - % + % [min(g, ¢2) — 11" %
. i O . ) T
P 1 — £ min(q, q)z"?# - %qql) — 3 [min(g, g2) — q11* %
. _ i . ] 2
Price of Product 2 Phi 1- %mm(q, 2 —a) - % + % [min(g. ¢2) — 11" %
. i e . ] e

where the closed-form expressions for q, q1, and q» are provided in the Appendix 1.

Proposition 4 suggests that the timing of price promotions for the products depends on the degree of substitution among
them. If the degree of substitution is low (8 = 0), the optimal strategy is to set the price promotions in an alternating fashion,
so that each product experiences higher demand in alternating different periods, and thus the limited space can be devoted
to meeting this high demand for the first product and for the second product in alternating periods. On the other hand, if
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(A) Sensitivity of p, and pj, w.r.t. ¢ when =0 (B) Sensitivity of p}, and p}, w.r.t. ¢ when f=1

Figure 3. The sensitivity of high and low prices with respect to store capacity ¢ when = 0 and g = 1.

the degree of substitution is high (8 = 1), this (alternating) strategy would imply that low reservation price customers for
a particular product arriving during a higher price period for that product would substitute the other product, which would
have a lower price in that period, thus limiting inter-temporal demand substitution. Thus, a simultaneous price promotion
strategy would more successfully allow potential profits due to inter-temporal demand substitution to be captured.

Similarly, for the limiting cases 8 = 0 and 8 = 1, we can characterise the sensitivity of the depth of price promotions to
changes in capacity availability.

ProrosiTiON 5 The effect of increasing store capacity (q) on the pricing and the depth of price promotions in both absolute
and relative terms in an infinite-horizon, stationary, one-period high and one-period low pricing model (4) is as follows:

Optimal Values If degree of substitution are low (8 = 0) If degree of substitution is high (8 = 1)
High Price ( p;li) decreases first decreases and then increases

Low Price ( pl‘ ) decreases decreases

Absolute depth of promotion increases increases

(i.e. AlA = phi = Pjy)

Relative depth of promotion increases increases

(i.e.A.R = Lﬂ'_.”fﬂ)
1 '
Phi

Observe in Figure 3 that depth of price promotion increases in store capacity regardless of the degree of inter-product
substitution. Indeed, when capacity is tight, the retailer focuses on newly arriving demand, and so does not value the ability of
deep promotions to segment customers. Also, prices are monotonically decreasing in store capacity, with the exception of the
high price under 8 = 1. With a high degree of substitution (8 = 1) and tight capacity, the high price decreases in g, whereas
if there is ample capacity, the high price increases in g. This implies a preference on the part of the retailer for inter-product
segmentation over inter-temporal segmentation when capacity is tight, since when g < g1, prices in consecutive periods are
kept equal to each other for each product (i.e. P;u = pfo), precluding inter-temporal segmentation. However, when there is
ample capacity (i.e. ¢ > ¢q1), the retailer increases the high price and decreases the low price, facilitating both inter-temporal
and inter-product substitution.

4.1 Summary of analytical results
Before proceeding further, we summarise the analytical observations’ from Sections 3 and 4. We empirically validate these
observations in the next section:

e Analytical Result 1: Price promotions at high capacity stores are deeper than those at relatively low capacity stores
(Proposition 5).
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e Analytical Result 2: Price promotions offered on more expensive products are deeper than those offered on cheaper
products if the degree of substitution is low, and shallower than those offered on cheaper products if the degree of
substitution is high (Proposition 3).

e Analytical Result 3: Price promotions are scheduled sequentially if the degree of substitution is low, and scheduled
simultaneously if the degree of substitution is high (Proposition 4).

5. Empirical survey

To validate our analytical observations in a more general and realistic setting, we conduct a survey of price promotions offered
by four Canadian retailers (IGA, Loblaws, Metro, and Provigo within two popular CPG product categories (detergents and
shampoos). We study the correlation between the depth and timing of price promotions offered by these retailers with their
aisle capacity and the degree of inter-product substitution in their assortments. This survey supports the analytical results in
the previous sections of this paper, subject to the limitations of our data-set, which we detail in subsequent sections.

5.1 Data, measures and limitations

Our data-set is based on four Canadian retailers (IGA, Loblaws, Metro, and Provigo indexed by j € {1, 2, 3, 4}) within
two popular CPG product categories (detergents and shampoos indexed by k € {1, 2}). It includes the brand, package size
and weekly price for each SKU sold by store j within category k over a period of 7 = 8 weeks in June—August 2011. The
summary statistics for the retailers and product categories under consideration are provided in the Appendix 3. We construct
the following measures to assess the relationship between price promotion depth and timing, capacity and substitution.
(Tables D1-D3 in Appendix 4 give the summary statistics and correlations between the measures.)

5.1.1 Depth of price promotion

We assume that the mode of the prices over the 7" weeks represents the price of a product when it is not under promotion. If

the price in a given week is less than the mode, this indicates a price promotion or sale. Let p; jx; denote the price of SKU i

of the product category k at store j in week # and p;jx, = Mode ( pi jk,) denote the mode of the price of SKU i over T = 8
1eT

weeks. As in Mathur and Sinitsyn (2013), we measure the depth of a price promotion as the relative difference between the
mode and the promoted price. The relative discount offered on SKU i, at store j, within category &, during week ¢ is defined
as Rijx = (p”];n,,—_k,[:m if pijkr < Pijkm and Rij, = 0if pijg, > pijkm.s Summary statistics for R;ji, are given in the
Appendix 3.

5.1.2 Capacity

We use the aisle area devoted by a retailer to a product category as a proxy for the store capacity assigned to a product
category. Let A j; denote the aisle area at store j devoted to product category k. We also control for the total aisle area
available in the entire store, denoted by A ;. There are obvious limitations to using aisle space for measuring capacity. This
approach implicitly assumes that the shelf space allocated to a category or brand is an exogenous and static decision, whereas
in practice, it is possible that this is an endogenous, dynamic decision made by retailers. Nevertheless, given the limitations
of our data-set, this is our best possible measure of available capacity.

5.1.3 Degree of substitution

Let DS denote the degree of substitution available at store j, within category k. We use the number of unique products
carried by a store within a category as a proxy for the degree of product substitution available to consumers.? Once again, we
acknowledge the obvious limitations of this measure of product substitution. Depending on the product category, the number
of unique products may be more reflective of the degree of segmentation of consumer needs within that category. However,
it is reasonable to assume that the degree of product substitution available to consumers is likely to increase as the number
of unique products stocked by a store increases, and given the limitations of our data-set, this appears to be the best proxy
available.
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Table 1. Variables, descriptions and measurements.

Variable name  Description/measurement

i,j, k Indices denoting a SKU, a retailer, a product category respectively

t Index denoting a time-period

T Total number of time-periods

Pijkt Price of SKU i sold at retailer j within category k during time-period #

Pijkm Mode of Price of SKU i sold at retailer j within category k during all time-periods t € T

Rijke Relative discount offered on SKU i sold at retailer j within category k during time-period ¢

Aji Aisle area devoted by retailer j towards stocking products of category k&

Aj Total aisle area available at retailer j

DS jk Degree of Substitution available in the retail assortment at store j, within category k, measured as the number of unique
products carried

Cr Indicator variable representing category k

R; Indicator variable representing retailer j

Mk # SKU carried by store j, within category k

Ujjkt Normalised price of SKU i sold at retailer j within category k during time-period 7, measured as the ratio of price and
package size

Uijkt Indicator variable denoting if SKU i is categorised as expensive or inexpensive

Y:, Z; Indicator variables denoting whether SKU y, z are, respectively, under promotion during week ¢

Ft(Ys, Zy) Function measuring whether SKU y, z are simultaneously promoted or not during week ¢

Ayik Extent to which SKU y at store j in category k is simultaneously promoted relative to all the other SKUs within its
category

5.1.4 Normalised prices

We also need a measure of how expensive a product is relative to all products sold within its product category. We do this
by comparing the normalised price of a product to the median normalised price of all products sold within its category. Let
u;jk represent the normalised price of SKU i sold at store j in category k at time ¢, measured as the ratio of its price and
package size. We define an indicator variable U;jx, where U;ji, = 1, if ujji; > Median [uijk,], Uijrr = 0 otherwise.
Thus, U;ji; = 1 categorises a product as relatively expensive, while U, ji; = 0 categorilses it as relatively cheap. Note that a
binary classification of products is consistent with the theoretical model of two representative products that are analysed in
the previous section.

5.1.5 Simultaneous price promotions

We measure the extent to which price promotions within a product category at a store occur simultaneously. Define Y; and
Z; to be indicator variables denoting whether SKUs y and z are under promotion during week . We develop a weighting
function F;(Y;, Z;) that measures the extent to which SKUs y and z are simultaneously promoted over time ¢ € 7. Given
a pair of products, four distinct states are possible: If neither SKU is promoted at time ¢, then F;(0, 0) = 0; if the SKUs
are simultaneously promoted at time 7, then F;(1, 1) = 1; and if only one of the products is promoted at time #, then either
F;(0,1) = —% or F;(1,0) = —% . Setting the weights in this way implies that E[F;(Y;, Z;)] = 0 if the four states of
price promotion are equally likely. We define the function F;(Y;, Z;) = 2Y,;Z, — % to generate these weights. The sum
Sy, = ZZ:] F;(Y;, Z;) characteriSes the extent to which SKUs y and z are simultaneously promoted over the T period
horizon, where (—% <§; < T), and for ease of exposition, we assume that Sy, = 0. We let Ay be a measure of the
average degree of simultaneous promotion between SKU y at store j in category k each of the other SKUs sold within the
same category at the same store, and let M j; denote the total number of SKUs at store j in category k. Then, A j; is defined

as follows. M
2.1 Syz

yik = M —1
Table 1 summarises the notation used in the empirical study.

A ®)

5.1.6 Additional limitations

Our empirical survey assumes that the primary incentive for retailers to offer price promotions is to improve their ability to
segment high- and low-valuation consumers. However, there are other motives driving price promotions. For example, price
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promotions may be utilised to manage excess inventory, induce new-product trial and manage brand image. Our subsequent
regression analysis does not control for these alternate explanations due to the limitations of our data-set.

5.2 Model and estimation

We specify two regression models, focusing first on the depth and second on the timing of price promotions. First, we model
the impact of retail capacity and extent of product substitution in retail assortment on the depth of price promotions:

Rijke = o+ Bi1Ajk + B2Aj + B3Uijke + BaDSjx + BsUijr DSjx + BeCk + Vit + it (6)

Observe that in addition to terms for capacity, degree of substitution and relative expense of each product, we control
for differences in price promotions across product categories, as well as for the differences across retailers and the brand for
each SKU. To control for differences in promotions across categories, we define Cy to be a dummy variable for the product
category, where C; = 1 denotes a detergent, while C; = 0 denotes a shampoo. To control for differences across retailers,
we include the total aisle space available at store j, A, as a regressor.

Next, recall that A, j; is a measure of the extent to which SKU i at store j in category k is simultaneously promoted with
respect to the other SKUs sold within the same category and store as SKU i. We specify the following model to investigate
how the extent of product substitution in retail assortment influences the timing of price promotions.

3
Ajjk = B7 + Bs DS + BoCr + Z Bro,j Rjr + Vie +&is (7
ji=1

DS i and Cy are as defined in the previous model.R; is a dummy variable indicating that SKU 7 was sold at retailer
jef1,2,3.10

We use mixed effect models to analyse our data. A key feature of mixed models is that both random effects and fixed
effects can be specified to extract multiple sources of variation. For instance, a given brand is often sold in different sizes and
flavours. The price promotions offered on products belonging to the same parent brand (e.g. Pantene) but different flavours
(e.g. Pantene Pro-V Classic Care, Pantene Pro-V Flat to Volume) may be more correlated than the price promotions offered
across competing brands (e.g. Pantene vs. Sunsilk). Also, it is possible that trade promotions offered by manufacturers may
influence the retail prices and therefore the resulting price promotions, and there may be other sources of variation. In an
effort to control for such common variation within brands, we estimated the brand coefficients y; ; in both models shown
above as a random effect, where y; ; = A; Brand; ; and » ~ N (0, aiz) are a vector of random parameters.

We estimate the mixed effects models as follows. The models have the following general form: ¥ = XB + ZA + ¢,
where A ~ N (0, ¥) and ¢ ~ N (0, A). Here, X corresponds to the fixed effects, 8 to the fixed-effect coefficients, Z to the
random effect (brand) and A to the random-effect coefficients. W is the covariance matrix of the random effects and A is the
covariance matrix of the error term. We estimate the mixed effect regression models using the restricted maximum likelihood
(REML) estimation method. REML estimators are obtained by maximising only the part of the likelihood function that is
invariant to the fixed effects in the linear model rather than the complete likelihood function. As a result, REML estimators
take into account the loss of degrees of freedom in estimating the mean and therefore, produce unbiased estimators for the
variance parameters (Smyth and Verbyla 1996).

5.3 Results

We estimate three nested models — a model with intercept only, a model with fixed effects only and a model with random
effects only. Finally, we estimate the full model incorporating both fixed- and random effects. The regression coefficients
are presented in Tables 2 and 3. The full model incorporating both fixed- and random effects yields the best fit with the
data, based on measures of log-likelihood, Akaike information criterion (AIC) and Bayesian information criterion (BIC),
demonstrating the value of estimating a mixed-model.

Observe in Table 2 that 81 = 0.004. Based on Proposition 5, price promotions at high capacity stores are deeper than
those at relatively low capacity stores, we hypothesise that B; should be greater than 0. We observe that f; is positive,
as hypothesised, and moreover, it is statistically significant (p < 0.001). Thus, we find empirical evidence in support of
Proposition 5. Similarly, our empirical prediction based on Proposition 3 is that price promotions offered on expensive
products are deeper than those offered on cheaper products if the degree of substitution is low and shallower than those
offered on cheaper products if the degree of substitution is high. Based on Proposition 3, we hypothesise that 85 < 0, since
a negative coefficient implies negative interaction between the degree of substitution and whether a product is cheap or
expensive. As can be seen in Table 2 regression analysis estimates 85 = —0.002, and furthermore it is statistically significant
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Table 2. Coefficient estimates for model (6).
Fixed effects
() (b) (©) (d)

B SE B SE B SE B SE
Intercept (By) 0.186%%** 0.004 0.169%#%#* 0.032 0.193%** 0.016 0.139%** 0.038
Ajr(B1) 0.004%* 0.001 0.004%** 0.001
Aj(B2) —0.0003 % 0.000 —0.0003 %3 0.000
Uijki (B3) 0.147%#%* 0.024 0.195%:** 0.026
DSk (Ba) 0.003#%** 0.000 0.004#%** 0.000
Uijkt DS jk(B5) —0.002%%* 0.000 —0.002%%:* 0.000
Cr(Bs) 0.037 0.015 0.020 0.032

Random Effects

y SE y SE y SE y SE
Brand 0.007%* 0.002 0.008%* 0.003
—2LL —990 —1063.6 —1131.3 —1222.5
AIC —988 —1061.6 —1127.3 —1218.4
BIC —983.5 —1057.1 —1124.3 —1215.5

4Description of nested models: (a) Intercept only, (b) Fixed effects only, (c) Random effects only, (d) Full Model: Fixed- and random

effects.
*p < 0.05; **p < 0.01; ***p < 0.001.

Table 3. Coefficient estimates for model (7).

Fixed effects

(a)? (b) () (d)

B SE B SE B SE B SE
Intercept (B7) 0.557%% 0.013 0.498% 0.063 0.560%* 0.033 0.448%% 0.067
DSk (Bg) 0.003:3: 0.001 0.003: 0.001
Ci(B9) —0.243%% 0.029 —0.170%% 0.049
R1(B10.1) AIGA) 0.041 0.035 0.072% 0.034
R>(B10.2) (Loblaws) —0.093* 0.042 —0.098* 0.040
R3(B10,3) (Metro) —0.112% 0.038 —0.105%* 0.037

Random effects

y SE 1% SE y SE y SE
Brand 0.0327%# 0.009 0.015%* 0.005
2LL 427.9 258.1 236.0 201.9
AIC 4299 260.1 240.0 205.9
BIC 434.4 264.5 243.5 209.4

4Description of nested models: (a) Intercept only, (b) Fixed effects only, (c) Random effects only, (d) Full Model: Fixed- and random

effects.
*p < 0.05; **p < 0.01; ***p < 0.001.

(p < 0.001), supporting Proposition 3. Finally, note that Proposition 4 implies that price promotions should be scheduled
sequentially if the degree of substitution is low, and scheduled simultaneously if the degree of substitution is high and so if
Bs > 0, the field evidence will be consistent with Proposition 4. In Table 3, we see that 83 = 0.003, and thus is positive as
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hypothesised, and moreover, it is statistically significant (p < 0.001). Thus, we also find empirical evidence in support of
Proposition 4.
Our results are summarised below:

(1) Price promotions at high capacity stores are deeper than those at relatively low capacity stores .

2) Price Promotions offered on more expensive products are deeper than cheaper products if the degree of substitution is low.
Price Promotions offered on more expensive products are shallower than cheaper products if the degree of substitution is high.

3) Price promotions are scheduled sequentially if the degree of substitution is low.

Price promotions are scheduled simultaneously if the degree of substitution is high.

Thus, the theoretical model analysis summarised in Section 4.1 yields promotion strategies that are consistent with the
three empirical patterns outlined above.

6. Conclusion

In this paper, we explore, both empirically and analytically, how the interplay of inter-temporal and inter-product substitution,
price sensitivity and store capacities impacts the timing and depth of sales promotions. Our analysis suggests that the value
a firm can generate by exploiting inter-temporal and substitution effects is impacted by the amount of excess capacity it
possesses, as well as the degree of substitution. Specifically, when there is a great deal of possible substitution between
products, a firm is typically better off offering simultaneous sales (that is, low prices) for multiple products and offering
larger price reductions for the less expensive products, whereas when there is little substitution, alternating sales and large
price reductions for the more expensive products leads to higher profit. Also, the depth of price promotion depth should
increase in available retail capacity.

In general, we see that promotion decisions generate significant benefit if they are aligned with the degree of substitution
across products and time as well as with retail capacity. However, we did not explicitly consider “menu costs” associated
with changing prices and disseminating promotion information, and these will ultimately play a role in the design and
implementation of effective promotion strategies. Of course, even if potential gains from inter-temporal price differentiation
dominate menu costs, retailers must design promotion strategies that minimise the cannibalisation of demand for other
products, and that account for capacity limitations.

In addition to omitting menu costs, our analysis has a variety of limitations. Our analytical model is clearly highly
stylised. For example, we consider only two products, ignore competitive effects, and assume that demand functions are
deterministic. Our empirical analysis similarly has limitations. Our analysis is based on data from only four firms and two
product categories, and necessarily uses a potentially imprecise measures for degree of substitution and available capacity.
Nevertheless, we believe that our analysis produces useful guidelines for promotion timing and level, and solid insights into
why these guidelines make sense.
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Notes

1. Corsten and Gruen (2003), in general, find a 2:1 ratio between promoted and non-promoted out-of-stock rates.
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2. Linear demand functions have been commonly used in the operations management literature — see Lus and Muriel (2009) and references
therein. Although these linear models are not based directly on individual consumer choice models, their aggregate linear form has
both theoretical and empirical support. See Singh and Vives (1984) for an analytical derivation of linear demand functions from the
maximisation problem of a representative consumer with a quadratic concave utility function. Also, using the data collected from
supermarket chains, (Pesendorfer 2002) empirically validates the price-elasticity structure of such a linear demand function.

3. This parameterisation of product substitutability via 8 has been also commonly used in both economics and operations management
literatures — see Roller and Tombak (1990, 1993), Goyal and Netessine (2007) and references therein.

4. This additional analysis is available upon request from the authors.
5. All the proofs are provided in the Appendix 2.

6. Note that Hicl is the optimal price for product i if the monopolist ignores all interactions between products and time periods, i.e. both
« and B are equal to zero.

7. Inaddition to these analytical results, we have conducted an extensive computational study to explore the value of explicitly considering
product-specific intertemporal effects and substitution effects when making operational decisions. We refer reader to Appendix B.3
for a detailed discussion of the design and implementation of computational study, as well as the results of this study.

8. Alternately, the depth of a price promotion can be measured with respect to the maximum price Max;cr (pi jkt)a as R;. ke =
Max,er (pijki)—Pijki
Max;er (pijkr)
9. An alternate measure for the degree of substitution available within a product category is the number of SKUs carried by store j within
category k, denoted by M ;. We repeated the empirical analysis using this alternate measure and find the same qualitative results. The
number of unique products DS ji is smaller than M j; since the number of unique products was measured by counting the SKUs of
different package sizes of the same brand as a single unique product.

. We repeated our analysis using this alternate measure and found the same qualitative results.

10. The retailer Provigo (j = 4) is the reference group.
11. Proofs of Lemma 7 and 8 are available from the authors upon request.
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Appendix 1. Consumer behaviour model

In this section, we briefly discuss a stylised consumer behaviour model that leads to the demand function D} (p) employed in this paper.
We assume that a total of 2N new consumers arrive each period, where without loss of generality, we can normalise N = 1. The consumers
are heterogeneous along four dimensions. First, consumers are horizontally differentiated, as follows. In each period, half of the new
consumers prefer product 1 to product 2, while the remaining half of the new consumers prefer product 2 to product 1. Second, consumers
are heterogenous in their loyalty levels, as follows. They are divided into loyals and switchers. A loyal prefers a particular product (either
product 1 or 2) and never considers the substitute product. In contrast, a switcher also prefers a particular product (either product 1 or 2),
but may switch and purchase the substitute product if the preferred product is too expensive. A fraction § of consumers are loyals, and the
remaining fraction 1 — B are switchers. Thus, there are four segments of new consumers who arrive in each period: (i) 8 product 1 loyals;
(i1) (1 — B) product 1 switchers (that is, they prefer product 1 but may switch to product 2; (iii) 8 product 2 loyals; (iv) (1 — ) product 2
switchers.

Third, consumers are vertically differentiated. Each consumer has a valuation v that is uniformly distributed between 0 and 1. Fourth,
consumers are heterogenous in the maximum time they stay in the market. An « fraction of consumers stay in the market for up to two
periods, while the remaining 1 — « fraction of consumers stay in the market for a single time period. If their valuation is not met during
this time, they leave the market.

A newly arrived switcher makes a purchase decision as follows: (i) She buys her preferred product in the current period if her valuation
exceeds product price; (ii) otherwise, she switches and purchases the substitute product in the current period if her valuation exceeds the
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price of that product; (iii) otherwise, with probability o she waits for the next period and buys the less expensive product provided that
her valuation exceeds the price, and with probability 1 — « leaves the market; (iv) otherwise, she leaves the market.

We refer to switchers who wait for the next period as residual switchers. If residual switchers remain in the market for two periods
and purchase in the second period, they purchase the less expensive product. If the prices happen to be the same in the next period, they
buy either product with equal probability. Let K} (p) be the demand generated by switchers for product i during period ¢, expressed as
follows.

i j_ it coi TN
B —ph)+8[pl = pi] +paminpl .l p—pt]" it sl <y

Ki(p) = . e
B — pp) if p; > p;

(AD

where i, j € {1,2},and i # j.

In contrast to switchers, loyals never purchase the substitute product. A newly arrived loyal makes a purchase decision as follows:
(1) She buys her preferred product in the current period if her valuation exceeds the product price; (ii) otherwise, she either waits with
probability « for the next period and buys the product if her valuation exceeds the next periods price, or leaves the market with probability
1 — «; (iii) finally, if she has been in the market for two periods and has not observed a price that is below her valuation, she leaves the
market. We refer to loyals who wait for the next period as residual loyals. Let L}(p) be the demand generated by loyals for product i
during period 7, expressed as follows.

; ; ; 1t
Li(p) = (1= )1 = ph+ (1 = pra[pl_, - pi] (A2)

The total demand at period ¢ is therefore equal to D; (p) =K ,‘ (p) + L;' (p), which can be rewritten as follows:

Substitution Effects

Product Specific
Current Demand Intertemporal Effect Current Substitution Intertemporal Substitution
— |
i i i i1t Ji_ il o J i1t
Di(pp= 1—-p +A=Pa|p_;—p| +B Py — Dt +a |min(p;_y, p;_)) — Py

where [x]T = max(x, 0),i, j € {1,2} and i # j.

Appendix 2. Proofs of Propositions and Lemmas

B.1 Proof of Proposition 1

Recall that when B = 0, there is no interaction between the products. Hence, we can decompose the problem into two independent pricing
problems, one for each product i = 1, 2 as follows:

T
max (P —HU=pD+Y (pi—cH ((1 —p)+a [p;,l —p;] ) (Bla)
- =2

The above problem is analysed in Ahn, Giimiis, and Kaminsky (2007). We refer the readers to Theorem 3 in Ahn, Gilimiis, and Kaminsky
(2007) for the characterisation of the optimal pricing decision for the above problem. (|

B.2 Proof of Lemma 1

There are two parts in this Lemma. First, we show that optimal price for product 2 is greater than that for product 1 for all time periods.
Suppose that it is not true, i.e. there exists a time period ¢, where p,1 > ptz, Note that replacing price of product 2 with the price of product
1,i.e. p,1 <« pt2 and p,2 <« ptl will not change the total residual and substitute demands. Therefore, the exchange will always increase the
total profit since the change in total demand and margin is positive. This implies that the retailer’s profit function 7z (p) can be expressed
as follows:

T T T
+
7r(p) = | Y (pF = A = ph+ Y (pf —H (A= ph) + 7 = ph) + 320! = D[ p)_y = /]
t=1 t=1 =2

Given product 1’s price, we can express the optimal price of product 2 by equating the derivative of retailer’s profit function with respect

to p,2 to zero and solving it for ptzz

t
op; 2 2

Next, we show that it is indeed never optimal for the retailer to charge same price for both products, i.e. le # p,2 for all #. Suppose
that it is not correct, i.e. there exists a pricing plan that has both products that have same price at time period #. We will show that there
exists another pricing plan with higher profit, where the product prices are strictly different from each other. Without loss of generality,
let’s pick product 2. Now, we increase price of product 2 in period ¢ by €. Note that increasing it by € would not change the total demand
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realisation at period ¢ since demand lost by product 1 will be recovered by the product 1. On the other hand, this strictly increases the total
profit at period ¢ since some non-zero fraction of the demand paid p,2 previously and now pays pt2 + €. In order to complete the proof,
we need to find a feasible ordering policy and show that this does not increase the cost. In order to do this, we just take the capacities that
were originally used to satisfy demand for the product in 2 and shift them to product 1. Note that the assumption ¢, =< ¢; ensures that
shifting capacity to product 1 always leads to a plan with lower cost. O

B.3 Proof of Proposition 2

Recall that using Lemma 1, we can transform the problem into single-product problem. However, this single-product pricing problem turns
out to be quite complicated since the form of the objective function depends both on the level and the relative order of prices of product 1.
Therefore, we impose an additional constraint, denoted by 7, that would impose a particular order on the prices of product 1 over time.

1 1 1
Py < SPp, S < Pay (B2)

where 77; = £ if the minimum price at period 7 is the ' Towest price among all 7 product 1 prices. Imposing the constraints in (B2), next,
we show that retailer’s profit function becomes concave in prices.

LemMa 2 When 8 = 1, model (Ps), together with the addition of linear constraints implied by 7 (i.e. constraints provided in (B2)), is
a concave optimisation problem.

2, ifk=0;
Proof of Lemma 2 For notational simplicity, we define, p ¢ ;) = ptl’ 1 " and
o pi_ys ifk>0.

1, ifk=0andi =1;
Igxin =141 ifk>0;i=1andp} <pl ;
0, o.w.

Also let (7, k, i) and (¢, k, ) be the time and product indices of p(; i ;). Finally, we let ¥ = 1 and combine the last two terms in Df (p)
by taking the summation on k from O to min(1, # — 1) as follows:

) ) min(1,7—1) )
Dip=u-ph+ > Fpern—prDleri
k=0

Let f(p) be the retailer’s revenue given a pricing plan p, i.e.

2 T
f(p) =Y Di(p)p;

i=1t=1

Let F5 be the set of prices that satisfy fixed ordering constraints 7y, i.e.

Fn:{pIp,lTl 5...51771,[ 5...§p,lTT}

In order to show that f(p) is concave in p € Fy, it suffices to prove that for any fixed p € Fy, the tangent line at f(p) always lies
above f(p) for all pin Fr. In the next Lemma, we prove this. Therefore, f(p) is concave over Fy, so that for any particular set of fixed
ordering constraints, the corresponding problem to determine an optimal price plan becomes a concave maximisation problem with the
set of linear constraints.

Lemma 3 Under any set of fixed ordering constraints 7y, f(p) — f(p) < Vf(p)(p— p)forall p € Fy.
Proof of Lemma 3 Note that f(p) — f(p) can be expressed as follows:

T min(t—1,1)

2
f(p)— f(p) = Z XT:([Pf - ﬁi] [(P; — () ]) + Z Z Z ok [lep(z,k,i) - ﬁzlﬁ(z,k,i)] Tt ki)

i=1t=I i=1t=1 k=0

T min(t—1,1)
- Z 3 Z o [oh? = 5D i (B3)
i=1t=1 =0
Noting that each residual revenue term, ozkpt1 P(t.k.i) Lt ,k,i)» 1In f(p) will contribute to :—fl =...+ ozkp(, ki l@ ki) + - and
. . . Pt o ”
apsz 5= + akptl It k,iy t - - . From this, we know that each term, ozkp,l Pt.k,i) Lt k,i)> contributes two terms to V f(p)(p — p)

through o p(; 1 1) [ - P;] Iy iy and o pl [poiiy = Pk ] Laki)-
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After some algebraic manipulation, we have

2 T min(t—1,1)

2 T
VIDWp - =3 > (ph B - 28l 2D -0 Y @F[26!pl = 2602 tukiy
=1 1 i=11r=1 k=0
T T min(t—1,1) =

+ Z > Z o [ﬁrlp(t,k,i) + b/ By — Zﬁ(z,k,i)ﬁ})] Lt ki (B4)

i=1t=1 =0
When we subtract (B4) from (B3), cancel the appropriate terms and complete the squares, we obtain:

2 T min(t—1,1)

£~ FB) =T f(B)(p— ) = ZZ[p; ALYy Z o* [} = 5] Koo
i=lt=1 i=lt=1 k=0
2 T min(t—1,1)

+ Z Z Z of [(Ptl — PPk — ﬁ(z,k,i))] L ki)

i=1t=1 k=0

We split the first and second terms into two halves as follows:

min(t—1,1)
F(B) = fB) =T fBYp—P) =~ Z > [ 5] ~[ri 5] - > (o} = 2]t
z—lt 1 k=0

2 T min(t—1,1) T min(t—1,1)

- = ZZ Z ok [pzl - 1‘3;] I kiy + ZZ Z ok [(le - ﬁzl)(P(z,k,i) - ﬁ(z,k,i))] L ki)

l—lt 1 k=0 i=1t=1 k=0

We complete our proof by showing that each strictly positive term in the last summation is outweighed by two corresponding negative
terms from the first three lines.
First consider terms with k = O in the last line, ie. o [(pt1 - ﬁtl)(p(t,gyi) - [7(,,0,,-))] I(1,0,;)- Note that (t,k,i) = i

when k = 0. Therefore, selecting —%ao [ptl - 1511] and —%ao [(pf - 15;)] from the first two lines, completing the squares, we

. 12
obtain: —ja [p, - p, pi+ ﬁ;] I(,0,i)- Now, consider the terms with k = 1 in the last line. We pair ot[(pt1 - ﬁ,l)(p(z,k’i) _

2
P(t.k,i)) (1 ki) from the last line with the corresponding — %a I:pt1 — ﬁll ] It ki) from the second line. Since (¢, k, i) = t—1, the following

term, —%a [p(,,k,,‘)—ﬁ(,,k,i)]z It,k,iy can be selected from the second line. Completing the squares, we obtain: —%ao

[P,l -} - (P(t,k,i) — ﬁ(t,k,i))] L ki

Since every positive cross product term can be matched with two corresponding negative terms, a little algebra shows:

2 T min(t—1,1)

_ . _ 1 _ _ 2
fp)—f(p)—Vfip)p—p = —5 ZZ Z ok [le - pi - Pt ki) + P(z,k,i)] I kiy =0
i=lt=1 k=0

O

Using the above result, we can generalise the ‘price cycle’ concept introduced in Ahn, Giimiig, and Kaminsky (2007) to the case
when there is interaction between the demand for different products, 8 = 1. More specifically, we consider the sequence made up of the
minimum price over all products in each period, and define a minimum price cycle as a decreasing subsequence of this ‘minimum price
sequence’, which leads to a well defined unit of analysis for characterising the optimal dynamic pricing strategy when 8 = 1. Indeed, for
a price sequence of length n, we can fully characterise optimal prices as follows:

Lemma 4 Consider model (Pg) with g = oo and f = 1. Let ﬁi = % + %f()r all i € {1, 2}. Then, the optimal prices for a price cycle
of length n are

R P (3/2)(1—c1)+(1/2)(c2—c1)}, fori=1

[

Pr=1~_« 1 21 : (BS)
P+5[ema-ch+apeE-ch]. fri=2

where k; = 2(1;9’), 60y ﬂ"ﬁ’O’lJrl] fort =1...n, 09 =1, and {ﬁt} _1 Is a sequence such that By = 1, f; = % +2, B =

(2 +2) Bt = Bafort=2...n— 1 and fy = @ﬂn_l ~Bua.
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Proof of Lemma 4 Next, we characterise the optlmal n- perlod non-increasing pricing sequence. Let p be the pricing sequence of length
n,i.e. p1 > p2 > ...> pl foralli € {1,2}, and p, < Pz forallr = 1,...,nand i € {1, 2}. Then profit function can be written as
follows:

=Y Gi—Ha—ph+ Y ! —HpF-ph+ Y ap! —Hpl —ph

t=1.. t=1..n t=2...
i=1.. 2 i=l1.. 2
Let p denote the non-interaction optimal for product i, i.e. p! = H'C . Then, by letting pt =pa+ 65), substituting 1 + ¢! = 251,

and subtracting the resulting expression from f, (p), we obtain

Fa(p) = fah) = Z —GOED + Y [p1%leR - PP+ Y el 6l - a(ph2Eh?]
1. t=l..n t=2...
L. i=l..

~—e
H |I

2 2
+ Z [(612me2 =15t + 5 pPms? ]+ 3 [ Pmes) - 8))]

t=1..n i=1..2

Dividing by the sequence length, n, we get the average profit per period A f, when n-period pricing sequence is used. In matrix form, we
can rewrite Af;, as follows:

i (p)?
Afn:L[ sT .. s— .3] (B6)
n 2
where Q is 2n x 2n matrix, and e is 2n x 1 vector. Let €2;; be n x n dimensional submatrix in €2, where i, j = 1...2. Q;; can be
-2 o 0 ... 0 0
a 2(04a) a ... 0 0 ) 2
expressed as follows: Q= | . . . . . Qo = Q2 = ;?Inxny Qo = — (ﬁz/ﬁl) Iy xn, where
0 0 0 ... a 2(1+w
Inxn 18 n x n dimensional unit matrix. Likewise, e; can be expressed as follows: e; = %(1 — 1)1 —mad, 1 and ey = —%%Inxl,
P
where I, = (1, ..., nT, Jux1 = (—1,0,...,0, D m=1- cl/p andr = 131 p , where 07 is transpose operator. We can take
the derivative of quadratic form and set it to zero to obtain the optimal é and y in matrlx notatlon‘
1
Qn Q 3 e
o= (3u82) (82) - (@) @

Solving 82 in terms of 8! in (B7), we obtain: 82 = —822_21 Q1 L R 82 = ’p + mP . Substituting it back to (B7), we

obtain the following equation for §°: 1. (QH + Q2 2 ) sl = ( — Q2L 25 > Dividing both sides by o, we obtain the following matrix

equation:
1 0..0 0 1-1
I —u=21..0 0 1
0 0 0. 1-u-2i i |m (B8)
0 0 0.0 0 0..1-u-2 1+%

where § = (81,...,6, Y ou= 2/a—1/(4a) = 4a andz = 1/(4a) —r/Qa) = é Z %] We can rewrite the right hand side as follows:

P’ P
1 — 1
1-7 —1 -y
1 0 1
: : Z .
i m = 0 (1 — ;)m + i zm (B9)
1+1 1 1+1

In Lemma 5 below, we find y and ¢ such that Qym = p1 and Q¢m = p2 Hence, 8! = (y + ¢)m satisfies (BS).
Thus, (Stl = (yr — 7)m is the optimal perturbation. Note that we can rewrite y; = yp0; = 6y — 79t where 6; =
t =1...n,6y = 1. This implies that optimal price of product 1 (cheap product) is

Ptl =ﬁl(1—|—511)=c1 + 2kt |:<ﬁ1 —cl)%—l—%(ﬁj —ﬁl)] =c' +i [(1 —cl>%+%(02—c1>i|

Bn—16r—1—1

for
,anH»l
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where k; = M Recall that when i = 2, §; = 8& ;,71‘ + n;g,. , and this implies that optimal price for product 2 (expensive product) is

P?=ﬁ2<1+6?>=ﬁ2+“[(ﬁl—cl)§+;(1’ —P)} IZC +%[(1—c1)%+%(62_c1)]

(]
LEmMma 5
l_
(i) Lety=[yi v2 - Yu-1 )/n] where y; = ﬁ”é:’imyofort =l..n,p=>10-%),%= 7/2 and {B;}}_, is a sequence
such that o =1, By =u + 2, and
u+2)Bi-1— Pi— ort=2...n—1
g = |UF Db =Pra = (B10)
upr—1 — Br—2 fort =n.
Then, y satisfies Qym = p]
() ¢=[-% -& ... =% —%]T satisfies Qcm = p?
Proof of Lemma 5  This result follows by substituting the given y and ¢ into the equations. 0

Note that since problem parameters are stationary, the total profit generated within a price cycle depends only on the cycle’s length
n. Let I, be the optimal total profit generated by a price cycle of length n. Then, it is straightforward to show that IT,, increases in 7. In
order to characterise the optimal length of price cycle, we define I1, = I, /n, the average optimal profit per period generated by a price
cycle of length n. In the next Lemma, we show that n* = 2 maximises I1, for all & and cost parameter values; in other words, a cyclic
pricing policy with a cycle length of 2 periods maximises the average profit:

Lemma 6 Consider model (Ps) with ¢ = oo and B = 1. The average cycle profit, T, is maximised by a price cycle of length n = 2
for all o and cost parameters.

Proof of Lemma 6 If we substitute the optimal § = Q™ e into quadratic form (B6) to obtain the optimal average profit per period, A f,:

2 512
_ 1 - 1
Afy = STl [EeTQ_IQQ_le—eTQ_Ie] _ Zim ) [EeTﬂ_le—eTQ_le]
n

n

1,2 l
Z,—l(p ) [%ETQ—IE] — l—l Z( TS ) (B11)

n
i=1

P -1 -1
Substituting 82 = -5, 92161 + Q5 e

XY _
Afy =—-= zln [€1T5 — e ) Q18" + €] Q221‘82]
_ Zl_zln [(e{ —e! 9—1921) s+ el 92—21e2] (B12)
where o
(1/4)(1/2-7) 0 )
el — el ) =m : sm| - | elaste, = (14
1 7623 %2l ) = : e T T,
(1/4)(1/2—r) 0
o
Substituting these terms back into (B12),
2'2:1(131)2 - 1 1 1 m2n
Af,:‘ = —’T m(1/4)(1/2 —r) Z(S, —ma(§) —8,) — T(1/4)

t=1

Note that )}, (Sll = %(811 — 8,1) — nmz/u due to the the row sum of the matrix equation. Therefore, Af,* can be expressed as follows:
2 ~1y2 2 2
—1(p) 11 1 . mnzl mn
Afy ===5— [m(uz(l/Z—r)—ot (81 =0y —51/2=n - ==

Recall that 8 } — 8,11 = m(y| — yn). Substituting into Af,¥ and collecting terms that depend on n, we obtain:

3 ) . 2 2
AfF = i h? |:m2(a—u2(1/2—r)) (yl—yn)/n+m+”;uz<1/2—r>}

2 4
=A1(y1 —vn)/n+ A (B13)
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Glochy2a (3 1 p2—p! (3l —ehy2a (7 L T1 p2-pl T\ . . . .

where 4; = 222 (7 +3 ; . 7?1 ) and Ay = =5 (E + (7 [7 - ; : 7?1 ]) ) Notice that the increase in the average profit under an optimal
non-increasing price sequence of length n depends only on the difference between the price distortion of product 1 (from its noninteraction
price, ]31) in the first period (i.e. yll) and the price distortion in the last period (i.e. y,} ). Both quantities depend on the length of the price
sequence, n. In order to show that a price sequence of length 2 is optimal, we develop the upper bound on the average profit increase
when a n-period optimal decreasing pricing sequence is used. Using Lemma 9, we characterise asymptotic properties for both y; and y;,
which will be useful when we prove the optimality of period 2. For any optimal decreasing pricing sequence of length 7, the average profit

improvement is bounded by:

Al 1 1
Afy=A1(y1 —yn)/n+ Ay < AF = — [Vo ( + )] + A (B14)
n ri—reo Trg—1

It is trivial to show that AF,T decreases in n, and therefore, following relational structure holds:

A 1 1
Aff < AF Ay —v)2+ Ay < 71[3’0 (m+r0—1)]+‘42
Vi Vv
Af¥ < AF} Ay —v3)/3+ A4, <AL 1 1 A
f3 = AF3 1 =r)3+A =F |\ vwln=s TrmT)| 42
. : — . . (B15)
AfF < AF¥ A |

Alyi —wn)/n+ Ay <5t [Vo (ﬁ T T )] A

IfwecanshowthatAl(yl—)/2)/2+A22ﬂ[yo( L1

n F1—Too ro—1
A fz* > Af,¥ where n > f. After some algebra, we can show that for all & € [0, 1]:

] + Ajp for some 7 then the relational diagram above implies that

Yi— WV Ta 1 1 1 1 2 1

2 :y°<7/2)<7/2+4a)—4a22y°[4<r1—roo+ro—1)]:V°[4(u—z+m+1+uﬂ
e 3u+ v +4u _ |2« 307/2) +V(1/2)? + 8(1/2)
- 0[4<(u—2+M>(1+u>)}_ 0[4 ((7/2—4a+\/mx7/2+2a>>}

Hence Afy > AF) > Af; where n > 4. There remains to prove that Af;* > Af5". In fact, we can easily show that for all @ € [0, 1]:

vi—v2 01 —6 2a(7/2) o 01—63 _ ($)e(7/2)(7/2 + 6a)
2 T T a4 —4e2 =0T 3 T 70272+ 8a) + 802(7/2 — 2a)
which implies that Afy* > Af5'. This completes the proof. O

Lemma 7 and 8 are used in the proof of Lemma 9. Due to space constraints, we provide them without proof11 :
Lemma 7 Letrg=2+4u Foralln > 1, Bi_1(n)B;i(n) > r(i), i=1,....n

/3
LEmMMA 8 limy o0 ﬂg’ég) =1 wherereo = M

1 —Too

andry = u.

LEmMmMA 9

Y0

o and

u+2—+/u’+4u
2

(1)  y1(n) is increasing in n and limy,— o Y1 (n) =

—%
ro—1

(i) liminf, 00 yu(n) > foralln > 1 whereroo = ,rp=u,andrg=2+u.

Proof of Lemma 9  From Lemma 8

_ Bu—1Myo — 1o
)= ——F———
Bn(n)
It can be shown that y(n) increases as n increases using the fact that both B /’é;élg';) and B, (n) are monotone increasing. Furthermore,
the convergence of a sequence, B ;é;(ln(’;) and the fact that lim,— o0 B, (n) = oo imply the existence of the limit. Replacing yg with a
Bu—1(n) _ Yo

as in Lemma 8, we have: lim;,— oo y1(n) = lim;— B = e To show the inequality, we consider the following system of
n

difference equations: y1 (m) = =55 y0 — 5y, yan) = =205 Btisdy — B2 sy — v o v = 2000 -

Vo(ﬂn_f(on()nﬂ),, R ﬂn_zglo)(/fl;n)_1 mt--t % + ﬁ?gﬁ;) It is easy to see that y, (n) is decreasing in n since the positive term in

the above expression decreases while the negative term grows in magnitude as n increases. To bound y; (n), we utilise the B; (n)B8;_1(n)
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terms. Lemma 7 implies that §; (n)8; _1 (n) is bounded below by ri and substituting the corresponding terms yields:

_ P ( Bo(n) Bo(n) Bo(n) ﬁo(n))
= g T B e T B mBm T B T A
> b,y (B P B0 P ) e (o e
= Bu(m " 0 ro 0 ro ooy rg 70
1 _
= —yobo(n) (—) =20
ro—1 ro—1
The second last inequality holds because g;’gz; o 1s nonnegative and the last equality results from from By(n) = 1. (|

In a finite horizon problem instance, repeating this one-period high?one-period low pricing strategy is optimal when 7 is even. On the
other hand, such a strategy would leave the last period uncovered when 7' is odd; therefore, we fine-tune the optimal pricing strategy for
the final three periods.

Lemma 10 Consider model (Py) with ¢ = oo and B = 1. Then, for all @ and cost parameter values,

(1) If the planning horizon length, T, is an even number, then optimal product prices consist of 2-period price cycles and optimal
total profit is equal to T /2 x Tlj.

(2)  On the other hand, if T is odd, then optimal product prices consist of two-period price cycles for the first T — 3 periods, and a
three-period price cycle for the last three periods, and optimal total profit is equal to (T — 1)/2 x Tl + T3.

Proof of Lemma 10 We proved in Lemma 6 that the optimal profit increase results from repeating the two-period optimal pricing
sequence, which 1mphes that if the planning period 7 is an even number then the pricing plan is involves repeating the two-period optimal
pricing sequence 7 I times, where

i [ = ehER) + A2 - ph] fori =1

1

Pr = .
g [0 - e+ @ - ph] fori=2.

2(7/2+6a) o = —20/2420)
7(7/2+4a)—8a2" 10 = 7(7/244a)—8a2"

However, when T is odd, a small modification of the pricing strategy is required for the final three periods. Note that there are two
ways to construct a three-period pricing plan. The first is to use ( p;l i p; ,) for the first two periods, solve a single period profit maximisation

fort = hi,lo and kp,; =

problem that takes into account only the substitution effect, and use the optimal single period prices pé ingle

way is to use a three-period decreasing pricing sequence ( p’i, pé, pé) for the final three periods, where

for the last period. The second

LIPS [(ﬁl —cl)(s/z) + (1/2)(;92 - ﬁl)] fori =1
P+ [(ﬁl ~c)6/2)+ (1/2)(;92 - ,31)] fori = 2.

1

Pt =

_ 2(3/2+6a)(3/2+4a) _ 2(3/2+8a)(3/2)+8a?) 2((3/2)(3/2+6a))
forallt =1,2,3 and K1 = (3/2)2(3/2+8a)+8a(3/2 2a) » K2 = (3/2)2(’%/2+8a)+8a(3/2 2a)° (’;/2)2(3/2+8a)+8a(3/2 2a) "
The optimal pricing plan for the last three periods is determined by whichever of these two strategies generate the most profit. First,

we calculate the profit of ( ph1 p]0 ). Recall that difference between base profit and profit generated by ( th plo) is equal to

,and k3 =

smgle

2A fz = A1(y1 — y2) + 2A,. To calculate the profit in the last period, we need to compute p We provide the closed form expression

single”

for p! below:

single
ch 44 [(pl —cHE/2)+ /2% - 1)] fori =1

p 43 [60—chem P - ph] fori=2

i
psingle -

The difference between base profit and profit generated by péi ngle’ Afy is:

51320 7 52 _ 517\ 2
ap =2 +<<1/2)[ ””ID
pl—c

Note that Af] = A,. Hence total increase in the profit generated by ( P}iﬁ’ pfo, )isequal to Aj(y1 — y2) + 3A3. The second way

. o Alngle
of constructing the 3-period plan is (p’l, p’z, pg), which leads to a total increase in profit by A{(y; — y3) + 3Aj3. Therefore, it is enough
to show that Ay (y1(2) —2(2)) + 342 < A1(y1(3) — v3(3)) + 3A,. But this is true, since y| (n) increases in n and y;, (n) decreases in n
by Lemma 9. O
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B.4 Proof of Proposition 3

In Propositions 1 and 2, we obtain closed-form expressions for the optimal one-period high?one-period low pricing strategy for model
(Ps) when g = 0 and B = 1, respectively. Using these expressions, we can express the absolute difference between high and low prices
for products i * and i as follows:

ifi =1

_ R Froes
AMB=0 = { 2y__4 ifi =2

o
(p T ) a2
and
s = 1y = | TR [0 = eheD+ 2= pha) i =1
l TR (' e+ P - pha/) ifi=2
where ﬁi = % + % Since 8« > 4a, it is straightforward to show that

AfB=1)= A} B =1.

We can rewrite ( [32 — 02) as follows: _ _
i_1+6’l i_l—Cl

N

Recalling that we assume ¢! < ¢2, we can show that:

This implies that:
AP B=0)<2LB=0

Now, we compare the relative difference between high and low prices for products 1 and 2. Relative difference for product 2 can be written
as follows:

N

(Ai N _ bda pAifc’ 4a 1— C 4o 1—ci

AR(ﬁ =0) = P do+4—a? P 4dat4—a? _ 1+c! 4a+4 a? _ a(a+2) 1+cl
i P+ (pi — ci)M |4+ b= i—cl a(a+2) 14 1= _a@+) datd—o® | I-d
dot+d—a? P dat+d—a? I+ da+d—a? a(a+2) 1+c

Also, using the fact that % > 1 forall0 < o < 1, we can show that Af(ﬁ =0 < A§ (B = 0). Lastly, we show that

Af(ﬂ =1)> Af(ﬁ = 1). Note that Af(ﬂ = 1), and Ag(ﬂ = 1) can be written as follows:

AfB=1) ASB=1)
ARB=1= 171 and AR(p=1) = 272
Phi Phi
Using the facts that p}, < p2, and A{'(8 = 1) = A4(B = 1), we can show that AR(B = 1) > AR =1). O

B.5 Proof of Proposition 4
We consider each case separately:

(1) B = 0 case: First, we show that an alternating one-period high and one -period low pricing strategy generates more profit than
a simultaneous pricing strategy. Note that products are symmetric (i.e. demand and cost parameters are the same) and cost and
demand parameters are stationary (i.e. they do not depend on time). This implies that if simultaneous pricing strategy were adopted,
high and low prices would be offered at the same time. This would lead to low demand when high prices are offered, and high
demand when low prices are offered. If the capacity at each period, i.e. ¢, is less than the level of the high demand, some capacity
will be unused. This reduces the capacity utilisation in high period. However, we can avoid this completely by offering high and
low prices in an alternating fashion. Then, the demand in each period will be constant, thus completely eliminate completely the
unused portion of capacity.

Using the stationary and symmetric setting of the problem, we can decompose problem (4) into independent subproblems for
each product:
max  {f(py;> P,) St dpi (Pris P1p) +d1, (P> Ply) < q)
1>p},;:>p;, =0

Wheredht(phl plu) == plill) dl.o(pf'u pio) a Plo)‘f'lX(P/,” pla) andf(phl pla) (phl C)dht (phl p10)+(plu
C)dlo(l’hw plo) Let A > O be alagrangian multlpherforconstramtdhl (phl plo)+dlo(phz plo) < q Let p' = (phl plo) Since
the above model is a concave optlmlsatlon problem with hnear constramts the opt1mal solution (p*) must satisfy the following

KKT conditions: {V f(p') = A(Vd},(p') + Vd],(p')).d};(p) + d] (p") < q.)(d];(p") +d] (p") —q) = 0. p}; > p}}.
Depending on whether A = 0 or A > 0 we have two cases



Downloaded by [McGill University Library] at 10:01 24 November 2015

International Journal of Production Research 25

Case 1: (A = 0) Note that in this case, the first KKT condition transforms into V f'( pi) = 0. The following prices satisfy
this condition:

- 2— for t = hi
14(1 c)(1+oz){ o ort = hi ®16)

—1_ = 2
¢ 4 4+da—o? | forr=1o.

In order to meet capacity constraints in each period, i.e. d;zi ( pi) + dli o pi) < g, q mustsatisfy g > g = %.
Therefore, as long as ¢ > g, the prices in Equations (B16) satisfy all KKT conditions, and hence are optimal solution.
Casg 2: (A > 0) In this case, the KKT conditions consist of {V f(p) = A(Vd;li (phH) + Vd;o(p’)), d}’“. (ph) + dl’o(p’) =
q, p}l i = p; o)- The prices that satisfy these equations are as follows:

Pi=1-2q1 %30 0 (B17)

1 2—a fort = hi
4 lf’i;“ fort = lo.

Note that p;l = p; .- Itis easy to check thataslongas g < g, A > 0. Therefore, as longas ¢ < g, the prices in Equations
(B17) satisty all KKT conditions, and hence are optimal solution.

(2) B = 1 case: Before we start the analysis, we show that when 8 = 1, the simultaneous one -period high and one-period low

pricing policy leads to higher profit than the alternating policy. Since we assume that ¢! = ¢2 = ¢, without loss of generality, we
can pick any product and charge the lowest price for it throughout the planning horizon. Let i = 1 be the index for lowest priced
product. Hence, using Lemma 1, we can express product 2’s optimal price as follows:

pzzl—}—pt]_'_cz—clzl-}—pt1
! 2 2 2

where ¢ € {hi,lo}. Using this equation, we can eliminate price variables for product 2 (i.e. ptz) in Model (4), and reduce the
problem to one with 2 decision variables, i.e. the high and low prices of product 1:

1 1 1 1 1 1 1 1 2 1
max  {f(ppis Pip) -t dni(Ppis Piy) +dio(Ppis Pro) < 29, dio(ppis P1y) < 4. Py = Pt}
1=p);=pl,>0

where dp; ( p}l i pllo) and dj, ( p]i i pllo) are total demands in the high and low price periods, respectively, i.e.
dpi(pps piy =2 —=2ph and djo(p}., pi) =2+2 (ap), — 1 !
hi (Phi» P1y) = ppi and djo(pyis pp,) =2+ 2 apy; — (1 +a)py,

and f(p}l”., pllo) is profit before inventory costs, i.e.

1 2
Fehpt) = Y (20l —oa=ph)+ Y (A =pD) +2a), = bk = piy)-
te{hi,lo} te{hi,lo}

Note that pt2 > Pz] is automatically satisfied as long as 0 < pt1 < 1 since P12 = % + % pt] . Therefore, we can drop pt2 > le from
the formulation. Also, in our analysis, we first assume that 0 < pt1 < 1 and afterwards show that this is satisfied by the optimal
prices.

We continue by solving the following problem:

max (f(Phi- Pio) 5- - dni Py Plo) + dio(Phi- Plo) < 24 dio(Pyi- ply) < 4) (B18)
PpiZPlo

Let A1 > 0 and Ay > O be the lagrangian multipliers of constraints 1 and 2, respectively. Let p = (p,]l i pl] o) Since Model (B18)
is a concave optimisation problem with linear constraints, the optimal solution (p™) has to satisfy the following KKT conditions:
{(VI(p) = 1(Vdpi(p) + Vdio(p)) + 22Vdio(p), dio(p) = q. 22(dio(p) — q) = 0.dpi(p) + djo(p) < 2q, 11 (dpi(p) +
dio(p) —2q) =0, p}l”. > pllo}. Depending on whether A\ =0 or Ay > 0and A» = 0or Ap > 0, we have 2 x 2 = 4 cases:

Case 1: (A1 = 0, 2, = 0) Note that in this case, the first KKT condition transform into V f(p) = 0. The following
prices satisfy this condition:

Ay _164+100—8a? oy
1= =95 attag—aa =M (B19)
1—(p—c) 164220 —8a*
P = 9739/41140—4a2

p =
! t =lo.

In order to meet the capacity constraint in the second period, i.e. dj,(p) < ¢, g must satisfy ¢ > ¢ = 8(1 —

N T+1la—2a? . . 1 1 L ' '
c) 19456a— 1602 Note that the prices above satisfy pj; > p; . This implies that dj,; (p) < dj,(p). and hence dj,; (p) +

djo(p) < 2q automatically holds. Therefore, the prices in equations (B19) satisfy all KKT conditions, and thus are the
optimal solution to Model (B18) when g > ¢5.
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Case 2: (] > 0, Ap = 0) In this case, the KKT conditions consist of {V f(p) = A1 (Vdy;i(p) + Vd;,(p)), dpi (p) +
dio(p) =2q,d1,(p) <q, p}”. > Pllo}' The prices that satisfy these equations are as follows:

I—gq 7/2411/2a—2a>

t =hi
1 _ 7+8a—a?
P; = 2 (B20)
t 1— q7/2+5/2a72o¢ —Jo.

7+8a—a?

Note that p}l P pl1 o+ implying that d; (p) < djo(p). Therefore, dj,(p) > ¢, which contradicts the KKT conditions.
Hence, Case 2 does not lead to a feasible solution.

Case 3: (A1 = 0, A > 0) In this case, the KKT conditions consist of {V f(p) = AyVd),(p),dio(p) = q.dpi(p) +
dio(p) < 2q, p,]1 = pl1 - The prices that satisfy these equations are as follows:

A 8+16a+8a2 3/2a+20 Iy

ol = =P =97 avee? T 971 1dat62 =N (B21)
o (po oSt T ede
P = O der6a2 ~ 47 7 Tdat6a2 :

Two KKT inequalities (i.e. 0 < Xy, dp; (p) +djo(p) < 2q) give rise to two conditions for g: ¢ > g1 = 8(1 — c) 7+10a,

. —2a? . . .
andg < g = %. It is easy to see that all the KKT conditions are satisfied when these conditions are

met. Hence, the prices in equations (B21) are the optimal solution to Model (B18) when ¢ > g1 and ¢ < ¢».
Case 4: (A1 > 0,Ap > 0) In this case, the KKT conditions consist of {V f(p) = A1 (Vdy;(p) + Vd;,(p)) +
M Vdie(p), A2 < 0,di(p) = q.dpi(p) + dio(p) = 24, pl. > pl}. The prices that satisfy these equations are

as follows:
1—¢q/(2) t=hi
- q/2) i (B22)
1—q/(2) t=lo.
Note that p}” = ll Two KKT conditions (i.e. A1 > 0,0 < Aip) give rise to two conditions for g: ¢ > 0, and
1+

qg=<q1=8l-0)7 10a It is easy to check that all KKT conditions are satisfied when these conditions are met. Hence,
the prices in Equatlons (B22) are the optimal solution to Model (B18) when ¢ > 0 and ¢ < ¢q.

Finally, combining Equations (B19), (B21), and (B22), and using pt2 = % + % ptl, we can obtain the complete characterisation
for the optimal high and low prices ( p}l ; and p; ,,) for products 1 and 2 as summarised in Proposition 4. (|

B.6 Proof of Proposition 5
We consider each case separately:

ey

@

B = 0: From Proposition 4, we note that p;‘l ;i €{l,2}and pf ,» i €1{1,2} decrease in g. Note also that rate of decrease of p};

24+30—a?

Tte - Since2 —a < M for o € {0, 1}, this implies

with respect to ¢ is (2 — o), whereas the rate of decrease of p; 018
that the difference between p}'l ; pl' ,, increases in ¢ fori e {1,2}.
B = 1: Similarly, from Proposition 4, we note that pl ,i € {1, 2} decreases in g, whereas ph first decreases in g When q <4q1,
then increases in ¢ when ¢; < g < ¢, and finally stays constant in ¢ afterwards. Also, when ¢ < ¢, plo = phl, and hence
the depth of the‘ promotion is zero. On the other hand, when ¢; < g < ¢», the depth of the promotion increases in ¢ since ph ;

increases and p; ,, decreases in g. Finally, when g5 < ¢, the depth of promotion is constant in g. (|

Appendix 3. Computational study: the impact of system parameters

To explore the value of explicitly considering product-specific intertemporal effects and substitution effects when making inventory and
pricing decisions, we compare our model in the main text with the others that explicitly consider none, one, or both of these effects. To do
this, we define three versions of our model. In other words, these simplified versions ignore either product-specific intertemporal effects, or
current substitution effects, or both, and determine what the optimal pricing and ordering policy would be. We then assess the performance
of these heuristics in the presence of the product-specific intertemporal effects and current substitution effects that they didn’t consider.

C.1 Design of the computational study

To keep the number of instances at a manageable size, we assume a base linear demand function d(p) = a — p, where a = 30 and consider
a four-period planning horizon (i.e. T = 4). We created a set of experiments by varying problem parameters as follows:

e Capacity Levels: We assume that total capacity in each period is constant and has one of the following three values: (i)

Uncapacitated (equivalent to the case where Q; = 100), (ii) Mildly capacitated (Q; = 50), and (iii) Tightly capacitated
(Q; =30)forallt =1...T.

e Degree of substitution: We consider 3 different values for B: (i) Low (8 = %), (ii) Med (B = %), (iii) High (B = 1)
e Production Costs: We use the following three values for the product costs: (1) Low (¢ = 0), (ii) Medium (¢ = 3), and (iii) High

(c =6).
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Table C1. Percentage of profit loss due to ignoring temporal and substitution effects.

Apg—o Ag=0 Agp=0

Capacity Uncap 13.13% 16.82% 27.45%
Med 10.69% 12.93% 20.94%

Tight 24.26% 17.74% 25.11%

Average 16.03% 15.83% 24.50%

Prod cost Low 7.86% 8.50% 15.99%
Med 13.75% 14.57% 23.11%

High 26.48% 24.43% 34.39%

Average 16.03% 15.83% 24.50%

B Low 12.19% 16.04% 20.55%
Med 15.69% 15.72% 24.13%

High 20.21% 15.73% 28.81%

Average 16.03% 15.83% 24.50%

C.2 Implementation of the computational study

For each set of parameter values, we compute the optimal policy accounting for both product-specific intertemporal effects and substitution
effects and three heuristic policies that ignore either product-specific intertemporal effects, or current substitution effects or both effects.
Specifically, for our heuristic policies, we first solve each of the instances with either « set equal to zero for all instances, or B set equal
to zero for all instances, or both set equal to zero for all instances. Solving these restricted versions of our model gives us a set of prices.
Given these prices, we then evaluate demand given the actual values of o and § for each instance. Since the prices we determined are
calculated using our restricted demand functions, we may not have enough capacity to meet this demand. Therefore, we solve an LP to
determine the final inventory decisions to optimally allocate capacity given the prices we have determined and meeting demand up to
this demand. We call our heuristic policies the « = 0 heuristic, the B = 0 heuristic, and the af = 0 heuristic, respectively, and let
h={a=0,8=0,ap = 0} be the indices for these policies. We detail each of these heuristic policies below:

Heuristic Poricy h

(1) Letry, = {P,i }tT=1 be the heuristic pricing plan found by solving our main model under a restricted demand model Dy, where
Dp,h = {a = 0,8 = 0,aB = 0} is obtained by setting, respectively, @ = 0, or B = 0 or both « = 0 and B = 0 in demand
function D;.

(2) Calculate the true demand realisation using the true demand function for each period and product generated by the heuristic
pricing plan as follows: LA);M = Dj(pp).

(3) Solve the following linear program to optimally allocate capacity:

T 2
I1,, :maxZZ(pf _Ci)d/i,;
t=1i=1
subject to Z d < 0
i=1,2
dj, = Dh,
dj, >0 Vi=1,...T andi=1.2

In the computational study, we compare these policies with respect to their operational performance. To compare the performance of the
optimal policy with that of the heuristics, we define percentage improvement in profit for the optimal policy over that of each heuristic /
as follows:
IT* — Iy,
Ap = —— %100
Iy

The results for Ay, are presented in Table C1.

C.3 Observations from computational study
We make the following observations:

e On average, the gain from using the optimal policy with respect to all other heuristic policies is quite significant. The average
gain is 18.79%.
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In general, the gain from using the optimal policy decreases as the capacity becomes more constrained. This is intuitive since
when the capacity is tight, the firm can only satisfy the current demand. Therefore, ignoring either temporal effect or substitution
effect or both does significantly hurt the firm’s profits.

In general, the gain from using the optimal policy increases as product costs increase. This is because both overage and underage
values increase as product costs increase, and hence the firm is penalised more by supply—demand mismatches.

Comparing the performance of the heuristic policies to the optimal policy, we notice that correctly accounting for only substitution
or intertemporal effects leads to about significant reduction in profits. On average, focusing only on substitution effects (i.e.
following an o = 0 policy) leads to approximately a 15.83% reduction in profits, whereas focusing only on temporal effects (i.e.
following a § = 0 policy) leads to a 16.03% reduction. Ignoring both factors leads to an average of a 24.50% decrease in profits.
These observations imply that it is essential to account for both substitution and intertemporal effects when making pricing
decisions. Otherwise, there is a risk of potential losses due to excessive supply—demand mismatches.

Appendix 4. Additional tables for the empirical survey

Table D1. Summary statistics.

Rijki Ajjik
Retailer A <m2> Category Ajx My DSi N Mean (Std. Dev.) N Mean (Std. Dev.)
IGA 612 Detergent 3.35 52 52 73 29.51% (6.83%) 84 0.562 (0.166)
Shampoo 8.53 85 68 42 27.76% (6.47%) 52 0.573 (0.27)
Total 137 120 115 28.87% (6.72%) 136 0.566 (0.211)
Loblaws 709 Detergent 1.62 40 40 43 16.43% (9.22%) 108 0.292 (0.221)
Shampoo 9.24 67 58 317 17.66% (12.22%) 157 0.815(0.318)
Total 107 98 360 17.51% (11.9%) 265 0.602 (0.382)
Metro 1055 Detergent 5.10 87 80 14 16.58% (1.92%) 67 0.192 (0.265)
Shampoo 8.48 55 44 50 10.85% (6.31%) 40 0.699 (0.178)
Total 142 124 64 12.1% (6.12%) 107 0.381 (0.341)
Provigo 1589 Detergent 22.88 157 123 45 17.05% (8.25%) 54 0.584 (0.34)
Shampoo 33.81 109 74 78 14.63% (10.06%) 87 0.602 (0.258)
Total 266 197 123 15.52% (9.47%) 141 0.595 (0.291)
Table D2. Correlation coefficients for the model demonstrating Results 1 and 2.
Mean Std Dev 1 2 3 4 5 6
L. R;jks 0.1859 0.1139 1
2. Aji 15.8005 9.7008 -0.0667 1
3.4 1235.0 410.6 -0.1901%#%** 0.894 8%+ 1
4. Ujjke 0.5634 0.4963 -0.0354 0.1207%* 0.0648 1
5.DSji 91.1677 32.3945 -0.0570 0.7467%** 0.855 1% 0.0242 1
6. Ck 0.7357 0.4413 -0.1826%** 0.0628 0.3817#%* -0.0373 0.5308 1
Table D3. Correlation coefficients for the model showing Result 3.
Mean Std Dev 1 2 3
L Ajjk 0.5565 0.3350 1
2. DS 77.8752 28.0687 0.35207%* 1
3. Cx 0.2096 0.4073 0.47 1 #5% 0.484 7+ 1
4. IGA 0.4083 0.4919 0.0153 —0.2936%** —0.1395%*
5. Loblaws 0.1649 0.3714 0.1120%* 0.7451 %% 0.1243%*
6. Metro 0.2173 0.4127 —0.23297%%* —0.4214%%* —0.1279%*
7. Provigo 0.5177 0.5001 0.0609 —0.21971%** 0.1047+*
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