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Abstract. Motivated by our collaboration with one of the largest fast-fashion retailers in 
Europe, we study a two-echelon inventory control problem called the one-warehouse multi
store (OWMS) problem when the demand distribution is unknown. This system has a cen
tral warehouse that receives an initial replenishment and distributes its inventory to multiple 
stores in each time period during a finite horizon. The goal is to minimize the total expected 
cost, which consists of shipment, holding, lost-sales, and end-of-horizon disposal costs. The 
OWMS system is ubiquitous in supply chain management, yet its optimal policy is notori
ously difficult to calculate even under the complete demand distribution case. In this work, 
we consider the OWMS problem when the demand is censored and its distribution is 
unknown a priori. The main challenge under the censored demand case is the difficulty in 
generating unbiased demand estimation. In order to address this, we propose a primal-dual 
algorithm in which we continuously learn the demand and make inventory control decisions 
on the fly. Results show that our approach has great theoretical and empirical performances.

Funding: The work of M. Gümüş was supported in part by research grants from the Natural Sciences 
and Engineering Research Council of Canada [Grant 217601 NSERC RGPIN-2019-06091]; and the 
Institute for Data Valorization [IVADO G254088]. The work of S. Miao was supported by the Strate
gic Management Society Strategy Research Foundation [Grant SRF-2015DP-0063]; the Social Science 
and Humanities Research Council of Canada [Grant 752-2014-0378]; and the Natural Sciences and 
Engineering Research Council of Canada [Grant G259160 NSERC RGPIN-2022-03247]. 

Supplemental Material: The online appendix is available at https://doi.org/10.1287/opre.2021.0694. 

Keywords: inventory control • demand learning • one-warehouse multistore system • inventory allocation • censoring • heuristics

1. Introduction
Rapidly changing market conditions, product prolifera
tion, and ever-shifting buying habits of consumers make 
the retail sector more unpredictable than ever. As if that 
were not enough, many retailers are now faced with 
supply-side glitches because of rising globalization, which 
leave many struggling to find ways to fulfill demand as 
quickly and cost-efficiently as possible (Petro 2021). 
Along these lines, the last decade witnessed increas
ing use of analytics and data-driven technologies that 
enabled supply chain planners to connect the voice of 
customers into their inventory management decisions 
(Nicasio 2021). Indeed, a recent survey conducted by 
Deloitte Consulting (Davenport et al. 2019) among 1,048 
executives who work at large companies (501 and more 
employees) suggests that executives who incorporate 
data-driven insights into their approach are 24% more 
likely to exceed their business goals. That said, the same 
study also reports that, whereas everyone is aware of 
the benefits of data-driven approaches, the majority of 

them either lack the technological or human resource 
infrastructure or fail to integrate real-time data into their 
decision-making process.

Inventory planners in retail companies are no strangers 
to these challenges. According to the 2021 Inventory Opti
mization Survey Report (enVista 2021) conducted among 
100 inventory management professionals, whereas 35% 
of the respondents consider inventory optimization a stra
tegic priority and have projects in place to deliver the 
required capabilities, the majority report that the top three 
challenges are the lack of an effective process to incorpo
rate real-time data into inventory planning, high demand 
volatility, and reduced forecast accuracy. Aimed at add
ressing these challenges, in this paper, we focus on devel
oping effective real-time, data-driven inventory control 
strategies whose objective is not only to match demand 
with supply, but also learn it on the fly.

Our setting in this paper is motivated by our collabo
ration with one of the largest fashion retailers in Europe. 
Similar to many fast-fashion retail chains characterized 
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by quick response capabilities (Caro and Gallien 2010), 
our industry partner first receives new products from 
its suppliers into its main warehouse and then distri
butes the new products to its network of stores. Whereas 
inbound shipments are executed in very large quantities 
and less frequent fashion, outbound shipments are exe
cuted in small quantities and a more frequent fashion. 
This is very typical in a fast-fashion supply chain with 
tens of thousands of new stock-keeping units (SKUs) 
introduced to hundreds of stores in a relatively short 
period of time and the last-mile shipments to the stores 
are spread out in a frequent fashion across the selling 
season because of logistical considerations. In fact, our 
industry partner operates more than 70 stores in a 
densely populated area (overall, more than 400 stores in 
its network); as such, the shipments of new products 
from its central warehouse to its stores are conducted on 
an almost daily basis. Furthermore, because the majority 
of the SKUs designed for a new season have never been 
sold before, retailers in this industry almost always start 
every season with very limited data and improve their 
forecast on the fly based on actual sales during the sea
son. Indeed, before each selling season, our industry 
partner conducts focus group analyses to gather opi
nions from a group that consists of 10–20 potential cus
tomers about the future demand of a selected SKU. 
Because the sample size is extremely low, the resulting 
range for the potential demand turns out to be inevita
bly very wide, which leaves the inventory planner with 
almost no clue about the true underlying distribution. 
Using this as our main setting, in this paper, we aim to 
develop several data-driven strategies for the in-season 
inventory planning problem between the central ware
house and the multiple stores that face demand uncer
tainty with unknown distribution. In practice, the majority 
of the SKUs managed by the fast-fashion retailers (e.g., 
approximately more than 75% of the SKUs in our partner 
retailer) fall into this category in the sense that once the 
initial inventory is shipped to the central warehouse, 
there is no inventory replenishment decision (i.e., in- 
season inventory planning) between the suppliers and 
central warehouse throughout the selling season. There
fore, once the season starts, the focus of an inventory 
planner in a typical fast-fashion retailer shifts from 
deciding on initial preseason order quantity to optimiz
ing the in-season inventory shipments from the central 
warehouse to the stores based on realized sales.

In order to capture this setting, we develop a two- 
tier supply chain model, in which the upstream tier 
consists of one central warehouse and the downstream 
tier consists of multiple stores. The central warehouse 
is replenished at the beginning of the horizon, whereas 
sales are observed at the store level, and the inventory 
is distributed periodically from the central warehouse 
to different stores during the planning horizon. To 
model the business environment described, we assume 

that the initial inventory in the central warehouse is 
fixed and not replenished during the planning horizon. 
Aligned with this setting, the main decisions are peri
odic shipments to the stores, which face stochastic 
demand with unknown distribution. Unsatisfied de
mand is lost, and remaining inventories in the stores 
are carried over to the next period. The goal of the 
firm is to minimize the total expected cost, which 
includes shipment cost (of transferring items from 
the central warehouse to stores), holding cost, lost- 
sales cost (of unsatisfied demands in the stores), and 
end-of-horizon disposal cost (of remaining inventory 
in the central warehouse).

The aforementioned setting, also referred to as the 
one-warehouse multistore (OWMS) model in opera
tions management literature, has received a lot of atten
tion from academia for its prevalence not only in fast 
fashion but also in many other real-life applications, 
such as grocery chains, cash management at ATMs, gas 
stations, and production planning. As shown in a semi
nal paper by Clark and Scarf (1960), it is a well-known 
fact that the OWMS model has complicated, state- 
dependent optimal policies, which suffer from the curse 
of dimensionality. Therefore, preceding studies on the 
OWMS model (see, e.g., Marklund and Rosling 2012, Lei 
et al. 2020, Nambiar et al. 2020, Chao et al. 2021, Miao et al. 
2022) restrict their attention to developing computa
tionally efficient algorithms with provable worst case 
bounds. That said, all these studies assume that the 
demand distribution is known in advance. This paper is 
the first work focusing on the setting of unknown de
mand information, which is prevalent in the fast-fashion 
industry because of the majority of SKUs being new sea
sonal products. In this work, we analyze the OWMS 
model with demand learning in two different settings, 
namely, with and without demand censoring. When the 
firm is able to observe the uncensored demand, we show 
that an efficient inventory control policy can be devel
oped using sample average approximation by construct
ing empirical demand distributions. However, when the 
demand is censored so that only sales (instead of actual 
demand) can be observed, this approach no longer works 
as it requires gathering uncensored samples to draw 
inferences from the data (see, e.g., Kaplan and Meier 
1958, Huh et al. 2011). This complication can be rendered 
as an exploration–exploitation trade-off. Exploration, in 
this manner, can be defined as gathering uncensored 
samples, which requires keeping excessive inventory on 
hand to prevent censorship. On the other hand, exploita
tion is keeping optimal (or near-optimal) inventory levels 
that are identified from the data. It is clear that efficient 
exploitation requires sufficient exploration; on the other 
hand, too much exploration leads to excessive costs from 
overordering, which may even hurt our decisions later.

Throughout the paper, we denote “defined as” with 
“:�”. x+ represents max(x, 0). O(·) is the classic big-O 
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notation that is common in algorithm analysis. In Õ(·)
notation, the logarithmic terms are hidden.

Our main results and contributions can be summa
rized as follows. 

1. Double binary search (DBS) algorithm with de
mand censoring: When the demand is censored, the 
main challenge stems from our inability to observe 
uncensored demand data, which might hurt the perfor
mance of the algorithm by deliberately ordering too 
many inventories to the stores. To tackle this challenge, 
we propose an algorithm named DBS based on the 
Lagrangian relaxation heuristic for continuous and 
bounded demand distributions with censored demand. 
This algorithm is based on a primal-dual learning and 
optimization framework and involves two intertwined 
loops in which we actively search for the optimal dual 
variable in the outer loop and the optimal base-stock 
levels for a given dual variable in the inner loop. Theo
retical results show that the algorithm DBS achieves a 
regret of Õ(N

ffiffiffiffi
T
√
), where N is the number of stores and 

T is the length of the horizon.
2. Modifications for uncensored, discrete, and un

bounded demand cases: We developed the DBS algorithm 
under the assumptions that the demand information is 
censored and underlying demand follows a continuous 
distribution with bounded support. In the case of uncen
sored demand, we can eliminate both inner and outer 
loops of the DBS algorithm and directly generate unbi
ased estimates for dual variable and order-up-to levels 
by constructing empirical distributions. In the case of 
discrete demand, we need to significantly modify the 
DBS algorithm in order to accommodate the irregulari
ties caused by multiple optimal solutions. Finally, in the 
case of unbounded demand, we can revise the regret 
analysis of the DBS algorithm by establishing bounds on 
order-up-to levels. To summarize, we are able to prove 
that the similar primal-dual learning and optimization 
framework developed for the DBS achieves the same 
regret bound Õ(N

ffiffiffiffi
T
√
) for uncensored, discrete, and 

unbounded demand cases.
3. Thorough numerical experiments based on syn

thetic and real data: We present two sets of experiments. 
First, using synthetic data, we conduct experiments in 
order to perform a sensitivity analysis with respect to 
input parameters such as horizon length, cost parameters, 
and demand variability. In the second set of experiments, 
we utilize a real data set obtained from our partner fast- 
fashion company to infer parameters and demand 
distributions. In this set of experiments, we used a repre
sentative subset of the stores and products of our partner 
to add robustness to our results. In both experiments, the 
numerical results demonstrate that our DBS algorithm sig
nificantly outperforms all benchmarks.

The rest of the paper is organized as follows. In Section 
2, we review the relevant literature. Section 3 contains the 

description of the OWMS model and its formulations. In 
Section 4, we present the details about the DBS algorithm 
for the censored demand case together with its theoretical 
performance. In Section 5, we analyze three modifica
tions based on uncensored, discrete, and unbounded 
demand cases. We carry out numerical experiments in 
Section 6 using synthetic and real data. Finally, we con
clude in Section 7.

2. Literature Review
Our research falls within the general theme of inventory 
control in the presence of unknown demand distribu
tion. However, to the best of our knowledge, ours is the 
first paper in the literature that studies this problem in 
the context of the OWMS model. As such, there are two 
streams of research directly related to our paper. In 
what follows, we review each stream separately.

2.1. Inventory Control with Demand Learning
Inventory control has been an important research area 
since decades ago (see, e.g., Zipkin 2000, Porteus 2002
for detailed analysis and survey for some classical 
work). Whereas earlier work mostly focuses on inven
tory control and optimization with complete demand 
information, recently there is a growing body of litera
ture investigating the case when demand is unknown 
and has to be learned either from an off-line data set or 
on the fly. For the demand model, the literature either 
assumes that it is a parametric model with unknown 
parameters or it is a nonparametric model, which is the 
one we consider in this paper.

For the parametric demand model, usually, the deci
sion maker has an idea or prior belief about the demand 
distribution. Afterward, the decision maker updates the 
belief as the decision maker discovers new information. 
Bayesian inference is one of the methods to update the 
parameter (see Scarf 1959, Azoury 1985), and this method 
is also applied in censored demands (see Chen 2010).

Compared with the parametric demand model, many 
other works focus on the nonparametric demand model, 
which is more flexible and requires fewer assumptions. 
Nonparametric demand models do not assume any func
tional form of demand distribution. If the decision maker 
has access to a historical data set, the learning and opti
mization can be done with this on-hand information. 
Because there is no active interaction with the environ
ment (i.e., sales operation and the data collection pro
cess), this type of learning is called off-line learning. On 
the other hand, in contrast with the off-line setting, online 
learning starts with zero data and requires direct interac
tion with the environment.

The off-line learning problem for inventory control is 
extensively studied. Levi et al. (2007) apply an empirical 
distribution function–based solution to the off-line 
newsvendor problem, and they report the number of 
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samples required for achieving an approximately opti
mal solution. Later, Levi et al. (2015) improve this bound 
for fewer samples. Similar problems are studied in other 
literature as well with different settings: Cheung and 
Simchi-Levi (2019) study this problem with capacity 
constraint, Qin et al. (2019) address the joint pricing 
and inventory problem using the empirical distribution 
method, Ban and Rudin (2019) extend the solution using 
contextual information, Bu et al. (2020) study the joint 
pricing and inventory control problem with censored 
data, and Ban (2020) considers fixed cost of ordering 
with censored demand.

Our paper belongs to the online learning stream. For 
the newsvendor model, Besbes and Muharremoglu 
(2013) study the implication of demand censoring, and 
Godfrey and Powell (2001) use sample gradients to 
estimate piecewise-linear concave functions to approxi
mate the cost function. Compared with the newsvendor 
model, more research focuses on the dynamic program
ming model in which inventories are carried over to the 
next period. For instance, Huh and Rusmevichientong 
(2009) solve a multiperiod inventory control problem 
with demand censoring by applying some stochastic gra
dient descent method (this method is used in other work 
as well; see, e.g., Shi et al. 2016, Zhang et al. 2018, Yuan 
et al. 2021), and Huh et al. (2011) use a Kaplan–Meier esti
mator to tackle the censored data. Besides pure inventory 
control, some recent work also studies the joint pricing 
and inventory problem: Chen et al. (2019) use linear func
tion approximation for the demand estimation, Chen 
et al. (2020c) consider fixed costs, Chen et al. (2020b) 
apply binary and trisection search, Chen et al. (2021) use 
spline approximation to tackle demand censoring, and 
Chen et al. (2020a) study limited price changes.

2.2. One-Warehouse Multistore System
The research interest for the OWMS system dates back 
to the seminal paper by Clark and Scarf (1960) on multi
echelon inventory systems. Because of the computa
tional difficulty pointed out in Clark and Scarf (1960), 
researchers focus on developing efficient heuristics for 
this problem. One stream of the OWMS system is when 
the inventory in the central warehouse is given at the 
beginning without replenishment, which is first studied 
by Jackson (1988), who proposes a constant base-stock 
heuristic without theoretical performance. Jackson et al. 
(2019) is another paper on this topic that investigates a 
two-period model with backordering and develops a 
heuristic based on an approximation in which the num
ber of stores goes to infinity (see McGavin et al. 1993, 
1997 for work on a similar topic).

Recently, some work on OWMS develops heuristics 
with theoretical performance (Marklund and Rosling 
2012, Lei et al. 2020, Nambiar et al. 2020, Chao et al. 
2021, Miao et al. 2022). In particular, Marklund and 
Rosling (2012) and Nambiar et al. (2020) propose some 

heuristics based on Lagrangian relaxation for backorder 
and lost-sales OWMS systems, respectively, and they 
show that their heuristics are asymptotically optimal in 
the number of stores N but not in the length of horizon T. 
Later, Miao et al. (2022) generalize their result to a multi
warehouse multistore system and prove that Lagrangian 
relaxation heuristics are asymptotically optimal in both 
N and T. Similar results are obtained in Chao et al. (2021) 
when there is a fixed ordering cost, and the authors show 
that the performance of the heuristics can be further 
improved using appropriate readjustment of policy. 
Besides the Lagrangian relaxation method, asymptoti
cally optimal heuristics based on certainty-equivalent 
optimization are used in Lei et al. (2020), who study a 
joint pricing and inventory optimization problem in 
the OWMS system.

It is noted that the aforementioned work on this sub
ject assumes that the demand distribution is known, 
whereas, in our study, it is learned along the way.

3. Model Description and Formulations
3.1. Model Primitives
We consider the OWMS inventory problem in which 
there is a central warehouse with an initial capacity W 
that distributes its inventory to N stores, denoted by 
i � 1, : : : , N, during a finite horizon t � 1, : : : , T. There is 
no external replenishment during the horizon to the 
central warehouse, and the inventory is nonperishable. 
Transshipment between stores is not allowed. Demands 
Di, t, which are unknown in our problem, are indepen
dent and identically distributed (i.i.d.) over time t and 
independent across stores i (i.e., the demand distribu
tions for different stores can be different).

Before providing a detailed description of our model, 
we present notations in Table 1.

3.2. The Decision-Making Process and the Opti
mization Problem

The decision-making process, together with the cost 
structure, of our problem is summarized as follows: 
• At the beginning of each period t ∈ [T], the decision 

maker observes the initial on-hand inventory levels Ii, t at 
stores i ∈ [N] and the remaining inventory at the central 
warehouse.
• The decision maker then decides the amount of 

inventory to allocate to each store from the central 
warehouse. There is an exogenous delivery cost per 
item ci, which is specific to the store i. Deliveries are 
instantaneous, and the corresponding inventory level 
after the delivery is denoted by yi, t for each store i. As a 
result, each store i incurs a delivery cost ci(yi, t� Ii, t).
• Demand Di, t is realized at each store i. Any un

satisfied demand is lost and incurs lost-sales cost 
bi(Di, t� yi, t)

+. If there is positive inventory left at store 
i, the holding cost hi(yi, t�Di, t)

+ is incurred, and the 
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leftover inventory is carried over to the next time 
period.
• At the end of the time horizon, the central ware

house incurs an end-of-horizon disposal cost/value 
w ∈ R for each unit of the leftover inventory (i.e., w is 
positive if it is a cost and negative if it is a value). For 
the sake of brevity, we just call it the end-of-horizon 
disposal cost.

According to this description, the decision maker’s 
goal is to minimize the total expected cost, which can be 
modeled as a multiperiod stochastic control problem 
formulation as follows:

V∗ :� min
π

XT

t�1

XN

i�1
(E[bi(Di, t � yπi, t)

+
+ hi(yπi, t �Di, t)

+
]

+ c′iE[yπi, t � Iπi, t]) + wW

st
XT

t�1

XN

i�1
(yπi, t � Iπi, t) ≤ W

Iπi, t+1 � (yπi, t �Di, t)
+ t ∈ [T], i ∈ [N]

yπi, t ≥ Iπi, t t ∈ [T], i ∈ [N],

(P) 

where c′i � ci�w. Note that we denote the policy with 
π, and in the later context, it may be dropped sometimes 
for brevity whenever there is no confusion. The objec
tive value is the total expected cost. The first constraint 
is the inventory constraint in the central warehouse; the 
second constraint is the system dynamics of the inven
tory carryover at the stores; the last constraint means 
that the delivery from the warehouse to stores cannot be 
negative. Note that, in our multiperiod stochastic con
trol problem formulation, the constraints are satisfied 
almost surely.

3.3. Demand Learning and Regret
In this paper, we discuss how to solve the optimization 
problem (P) when the distribution of Di, t is unknown 
and censored. Similar to other online learning problems, 
we face the challenge of the trade-off between demand 
learning and cost minimization (also known as the 
exploration–exploitation trade-off). As a result, the com
mon performance metric of online learning algorithms, 
named regret, is used throughout this paper. In particu
lar, we have the following definition.

Definition 1. For a policy π, the (expected) regret is 
defined as

R(π) � Vπ � V∗, 

which is the difference between the expected cost of pol
icy π and the optimal value of the clairvoyant.

We note that, according to this definition, minimiz
ing Vπ is equivalent to minimizing the regret R(π). 
Before providing our main algorithm and its perfor
mance under demand censoring, we first present a 
Lagrangian relaxation–based formulation, which is 
used for bounding the regret as well as developing 
the algorithm.

3.4. Lagrangian Relaxation–Based Benchmark
It is known that the inventory control in an OWMS sys
tem has a complicated optimal structure, and hence, 
heuristics are needed to find an approximately optimal 
solution of (P). The heuristics with full demand informa
tion are studied in Miao et al. (2022), who propose two 
heuristics to solve the OWMS inventory control based 
on Lagrangian relaxation. In this paper, we use the heu
ristic named LaBS in Miao et al. (2022) as our benchmark 
for both developing the learning algorithm and bound
ing the regret. This heuristic solves a modified Lagrang
ian relaxation of (P) as follows:

Ṽλ :� min
π

XT

t�1

XN

i�1
(E[bi(Di, t � yπi, t)

+
+ hi(yπi, t �Di, t)

+
]

+ c′iE[yπi, t � Iπi, t]) + wW �
XN

i�1
c′iE[(yπi, T �Di, T)

+
]

+ λ
XT

t�1

XN

i�1
E[(yπi, t � Iπi, t)]�W �

XN

i�1
E[(yπi, T �Di, T)

+
]

 !

st Iπi, t+1 � (yπi, t �Di, t)
+ t ∈ [T] i ∈ [N]

yπi, t ≥ Iπi, t t ∈ [T] i ∈ [N]: (PS) 

The idea of LaBS is to apply Lagrangian relaxation for 
the inventory constraint in the central warehouse and 
allow a hypothetical sell-back option from all stores 
back to the warehouse at the end of the horizon (to see 
how we derive (PS) and the purpose of the sell-back 
option, we refer to Section EC.1 in the online appendix). 

Table 1. List of Notations

Di, t Random demand for store i ∈ [N] at period t ∈ [T]
Ii, t Initial on-hand inventory at store i ∈ [N] and 

period t ∈ [T]
yi, t Order-up-to level for store i ∈ [N] and period 

t ∈ [T]
π Inventory control policy
Vπ Total expected cost of the policy π in the original 

system
V∗ Total expected cost of the optimal policy
Ṽλ Total expected cost of the Lagrangian relaxation 

system with dual variable λ
Ci(yi;λ) Single-period cost function for store i ∈ [N]
λ Lagrangian multiplier
κi(λ) Critical fractile function

Parameters
hi > 0 Holding cost per unit for store i ∈ [N]
bi > 0 Lost-sales cost per unit for store i ∈ [N]
ci ≥ 0 Shipment cost from the warehouse to store 

i ∈ [N]
w ∈ R End-of-horizon disposal cost
W Central warehouse capacity
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By this relaxation, (PS) can be decomposed into a store- 
level inventory control problem as

Ṽλ � (w� λ)W +
XN

i�1
Ṽλi , (1) 

where each Ṽλi can be written as

Ṽλi :�min
π

XT

t�1
(E[bi(Di, t� yπi, t)

+
+ (hi � ci(λ))

(yπi, t�Di, t)
+
] + ci(λ)E[yπi, t])

st Iπi, t+1 � (yπi, t�Di, t)
+ t ∈ [T]

yπi, t ≥ Iπi, t t ∈ [T],

(NV) 

where ci(λ) � c′i +λ. Without loss of generality, we omit 
c′i in our analysis and use ci in subsequent sections for 
brevity. Note that Ṽλi is simply a single-store inventory 
control problem with stationary demand and end-of- 
horizon sell-back, and it has been studied very well (see, 
e.g., Zipkin 2000). An important structure of the optimal 
policy of Ṽλi is that it is a base-stock policy with a con
stant base-stock level, which can be solved by minimiz
ing the following newsvendor problem of the myopic 
cost function:

Ci(yi;λ) :� E[ci(λ)yi + (hi� ci(λ))(yi �Di, t)
+

+ bi(Di, t� yi)
+
], 

and its optimal solution y∗i (λ) satisfies that Fi(y∗i (λ)) �
κi(λ), where

κi(λ) :�
bi � ci�λ

bi + hi� ci �λ
, 

and we have that Ṽλi � T ·Ci(y∗i (λ);λ).
Knowing the optimal value of Ṽλ, we are able to find 

the optimal dual variable λ∗ by solving the convex opti
mization problem

λ∗ � arg max
λ≥0

Ṽλ, (2) 

and its corresponding optimal base-stock levels.
Above all, it is clear that the main purpose we choose 

LaBS as our benchmark to develop the learning algo
rithm is for its efficient computation as well as the simple 
optimal policy structure. Because Lagrangian relaxation 
always acts as a lower bound for the optimal value func
tion, it is shown that Ṽλ

∗

≤ V∗ in Miao et al. (2022). As a 
result, we are able to bound the regret of any policy π by 
R(π) ≤ Vπ� Ṽλ

∗

.

3.5. Technical Assumptions
In inventory learning literature, the standard technical 
assumptions are made to bound the optimal primal and 
dual variables so that we ensure convergence in finite 
time. The primal variable in our context corresponds to 
order-up-to levels yi for each store i. In order to ensure 

that the optimal order-up-to level for each store is finite, 
we make the following assumption.

Assumption 1. Demand Di, t ∈ [D, D] almost surely, where 
0 <D <D <∞. Its distribution Fi : [D, D] → [0, 1] is con
tinuous, and it has a probability density function fi with 0 <
f ≤ fi(d) ≤ f <∞ for all i ∈ [N] and d ∈ [D, D]. All the para
meters D, D, f , f are known.

Assumption 1 is a standard assumption regarding the 
regularity of the demand distribution, which is also 
made in other inventory learning literature (see, e.g., 
Chen et al. 2020b). We discuss relaxing the boundedness 
assumption on Di, t ∈ [D, D] in Section 5.3.

Assumption 1 is satisfied by many popular demand dis
tributions, such as uniform distribution and truncated nor
mal distribution. Under this assumption, optimal base- 
stock level y∗i (λ) can be shown to be finite and equal to 
(Fi)�1

(κi(λ)) as long as λ ∈ [0, bi� ci] (otherwise, y∗i (λ) �
0 if λ > bi� ci). This also leads to our second assumption.

Assumption 2. For the optimal Lagrangian dual variable 
λ∗ ≥ 0, we have λ∗ ≤mini∈[N](bi� ci).

In essence, we make Assumption 2 because, if there 
exists a store i whose underage cost bi � ci is less than 
optimal λ∗ (i.e., the marginal cost of inventory), then 
we can completely remove that store i from consider
ation and never replenish its inventory throughout the 
planning period in the full information setting. We 
give the details regarding sufficient conditions that 
imply Assumption 2 in Online Section EC.3. Note that 
we have λ∗ ≤maxi∈[N](bi� ci). Thus, one sufficient condi
tion is that all the stores have symmetric cost structure 
(i.e., bi � bi′ , ci � ci′ for all i ≠ i′ ∈ [N]). This situation is 
not uncommon because one central warehouse typically 
serves local stores that are similar to each other. The sec
ond sufficient condition is when the warehouse inven
tory is at least as much as the expected demand of all 
stores over the time horizon. This condition is due to the 
complementary slackness condition (see lemma 5 of 
Miao et al. 2022), which can be expressed as λ∗ · (

PT
t�1 PN

i�1E[min(y∗i , Di, t)]�W) � 0. This is again likely be
cause retailers typically tend to overstock because of the 
high underage cost. Indeed, in most fast-fashion retail 
applications, the underage cost (i.e., lost sales because of 
shortages) tends to be the dominating factor in the cost 
equation. In our data set collected from our industrial 
partner, the underage cost (as commonly measured by 
the difference between the unit selling price and marginal 
cost) accounts for, on average, more than 50% of the unit 
price for all stores.

In case Assumption 2 does not hold, we can analyze 
the implications of relaxing Assumption 2 on our algo
rithm and show that it still works under relaxed 
Assumption 2, but its regret bound needs to be modified 
accordingly. We present the detailed discussion after 
Theorem 1 in Section 4.
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4. Proposed Algorithm for 
Censored Demand

This section presents the proposed algorithm for cen
sored demand, its theoretical performance, and the main 
steps of the proof for the theoretical result. In Section 4.1, 
we give the detailed algorithm and its theoretical perfor
mance together with some high-level ideas. Then, the 
theoretical performance is proved in Section 4.2 with 
some technical details provided in the online appendix.

4.1. The Algorithm and Its Performance
In order to jointly learn the demand and optimize the 
inventory decisions, we need to accurately estimate the 
demand distribution. However, when the demand is 
censored, the decision maker can only observe the sales 
instead of the actual demand. This suggests that, in 
order to have an unbiased estimation, active exploration 
of the demand distribution is required. Exploration for 
inventory control can generally be done by ordering 
high amounts of inventory to cope with the censorship. 
However, this deliberate extra ordering hurts the over
all expected cost, which may be particularly suboptimal 
if the central warehouse inventory is scarce. Conse
quently, in this paper, we propose a smarter way that 
iteratively improves the base-stock levels at the store 
level and the dual variable at the warehouse level.

The key idea of our algorithm is that, if we can find 
λ∗, lemma 10 of Miao et al. (2022) shows that the gradi
ent of Ṽλ (divided by T; for the sake of brevity, we just 
call it the gradient of Ṽλ) can be derived as

X

i
E[min(y∗i (λ), Di, t)]�

W
T : (3) 

Thus, we can estimate the marginal value of warehouse 
inventory, which then helps us to decide whether we 
replenish each store now or later. Note that the gradient 
of Ṽλ can possibly be estimated without observing the 
full demand. More specifically, suppose we know y∗i (λ); 
if we apply y∗i (λ) for multiple times, we are able to 
observe samples of min(y∗i (λ), Di, t), and by taking an 
average of these samples, we get an unbiased estimation 
of E[min(y∗i (λ), Di, t)]. We can then use this to obtain an 
unbiased estimation of the gradient of Ṽλ. This nice 
property is another important reason that we use LaBS 
in Miao et al. (2022) as our benchmark instead of other 
heuristics such as SLaBS in Miao et al. (2022) and the 
algorithm in Nambiar et al. (2020). Of course, there are 
still two questions left: First, we do not know y∗i (λ) obvi
ously. Second, how should we divide the time horizon 
smartly to have samples to estimate the gradient of Ṽλ? 
Our algorithm, referred to as the DBS algorithm, is 
developed to address these two challenges.

4.1.1. Algorithm Overview. The overall idea of the algo
rithm is taking turns to find λ∗ (i.e., update λ) and y∗i (λ)

(for a fixed λ) via a binary search method. More specifi
cally, the algorithm has an outer loop of searching for λ∗
(with carefully designed exponentially increasing loop 
length) using binary search. In each outer loop, with λ 
fixed, there are inner loops of estimating y∗i (λ) for each 
i ∈ [N] using binary search again. More details are 
explained later, but we briefly present the key steps in 
outer and inner loops.

Note that setting (3) to zero and solving it for T yields 
the following:

T � W
P

i E[min(y∗i (λ), Di, t)]
, (4) 

where the right-hand side of (4) corresponds to the 
number of periods required to deplete the total ware
house inventory. We refer the right-hand side of (4) as 
“time to hit zero” and denote it by T0. Of course, in the 
learning algorithm, this is just a point estimate based on 
observed sales in each store i and is subject to estimation 
error because of a lack of information regarding the full 
demand distribution. Therefore, one needs to obtain an 
interval estimate for T0 to capture the lack of knowledge 
on the demand distribution. Delegating the details to 
the analysis in Section 4.2, suppose that [T, T] corre
sponds to the interval estimate for time to hit zero, 
which means that we have T0 ∈ [T, T] with high proba
bility. Comparing this interval estimate to the remaining 
number of periods in planning horizon T, we can iden
tify three cases: 
• If T > T, then it is likely that we cannot consume 

the warehouse inventory by the end of the planning 
horizon if we follow the current inventory ordering 
policy. So, in this case, we are motivated to decrease 
the Lagrange dual variable λ, which, in turn, induces 
us to order more inventory now rather than later.
• If T < T, then it is likely that the central warehouse 

inventory will hit zero before the planning horizon 
ends. So, in this case, we are motivated to increase the 
Lagrange dual variable λ, which, in turn, induces 
ordering less inventory.
• If T ≤ T ≤ T, then we cannot clearly identify whether 

we can deplete the warehouse inventory by the end of the 
planning horizon. So, in order to improve the estimation 
accuracy, we keep the same value for λ and continue to 
collect more data (i.e., demand observation) from each 
store by following the current inventory-up-to levels.

We pictorially represent each case in three panels of 
Figure 1, respectively. Following the aforementioned 
procedure, once we update the estimate for the dual 
variable in the outer loop (indexed by τ � 0, 1, 2, : : : ), we 
enter into the inner loop and iterate over Tτ periods in 
which we observe the realized sales and adjust order- 
up-to levels y∗i (λ) for each store. The outer and inner 
loops are then repeated as shown in Figure 2. To sum
marize, by increasing the duration of the search periods 
between two consecutive outer loops in a controlled 
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fashion, we are able to develop the DBS algorithm and 
bound its regret.

After this brief overview, we are now ready to explain 
the details of the DBS algorithm. In what follows, first, 
we present the steps conducted in the inner- and outer- 
loop stages and then characterize the regret bound in 
Theorem 1.

4.1.2. The Inner Loop of Estimating y∗i (l). The idea of 
the inner loop is from Chen et al. (2020b), who study 
joint pricing and inventory control of a single product 
with censored demand. As we mention earlier, y∗i (λ) is 

given by minimizing the convex function Ci(yi;λ); then, 
we can use certain data-driven binary search to find the 
zero point of C′i (yi;λ). More specifically, we have

C′i (yi;λ) � (hi + bi� ci(λ))Fi(yi)� (bi� ci(λ)), 

and if we have multiple samples of (hi + bi � ci(λ))
1(Di, t ≤ yi)� (bi� ci(λ)), which are obviously observ
able regardless of demand censoring, we can have an 
unbiased estimation of C′i (yi;λ) by taking the average of 
these samples. In particular, let l denote the index of an 
inner loop, let nl be the current number of samples of 

Figure 1. (Color online) Three Possible Cases Used for Updating λ in the Outer Loop 

Figure 2. (Color online) Double Binary Search Algorithm 

Notes. Arrows represent information flow. The search durations increase with time. The calculation for the order-up-to levels is done in a decen
tralized manner, whereas the update for the λ is conducted based on the whole data.
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(hi + bi� ci(λ))1(Di, t ≤ yi, l)� (bi� ci(λ)) by applying the 
same yi, l, and let ĝl denote the average of these samples 
(i.e., the estimated C′i (yi, l;λ)). By concentration inequal
ity, with high probability, we have C′i (yi, l;λ) ∈ [gl, gl]

with high probability, where gl � ĝl� C1=
ffiffiffiffinl
√ and gl �

ĝl + C1=
ffiffiffiffinl
√ for some parameter C1 to be specified later. 

As a result, if gl > 0 (gl < 0), we have yi, l too small (large) 
and we go to the next iteration in binary search by set
ting yi, l as the new lower bound (upper bound) of the 
search range. Otherwise, we keep applying yi, l. This pro
cess is visualized in Figure 3, and we refer to Algorithm 1
for the details of the inner loop subroutine.

Algorithm 1 (Inner Loop of Binary Search for Order-up- 
to Levels)

Input: dual parameter λ, search duration ν, parame
ter C1, current time period t, store i
Output: yi, l, d̂i, l � dl=nl for l with the largest nl 
1 function SearchOrderUpTo(i, t, λ, ν, C1):
2 Set Ll �D, Rl �D, yi, l �D=2, l � 0, gl � 0, dl � 0, 

nl � 0
3 while ν ≥

P
lnl and sufficient capacity at the central 

warehouse do
4 Observe zt �min(Di, t, yi, l), where t is the 

index of the current time period
5 dl← dl + zt, nl← nl + 1, gl← gl� (hi + bi�

ci(λ)) 1(Di, t ≤ yi, l) + (bi� ci(λ))

6 Set ĝl �
gl
nl 

and [gl, gl] � ĝl 6 C1ffiffiffinl
√

7 if l < ⌈log2(νD)⌉ and gl > 0 then
8 Ll+1← yi, l, Rl+1← Rl, yi, l+1←

Ll+1+Rl+1
2 , nl+1← 0

9 l← l+ 1
10 else if l < ⌈log2(νD)⌉ and gl < 0 then
11 Ll+1← Ll, Rl+1← yi, l, yi, l+1←

Ll+1+Rl+1
2 , nl+1← 0

12 l← l+ 1
13 end
14 t← t+ 1
15 end
16 end function.

4.1.3. The Outer Loop of Estimating l∗. Our main algo
rithm DBS consists of outer loops of finding optimal 
Lagrangian dual variable λ∗. Let τ denote the index of 
the outer loops. In each loop τ with dual variable λ̂τ, 
which is an estimation of λ∗, we apply the subroutine 
Algorithm 1 to obtain approximated y∗i (λ̂τ) for all i ∈
[N]. The idea of estimating λ∗, as discussed earlier, is 
based on the fact that Ṽλ is a concave function of λ with 
a gradient equal to

X

i
E[min(yi(λ

∗), Di, t)]�
W
T

, 

according to lemma 10 of Miao et al. (2022) and Ass
umption 1. The method for estimating λ∗ is still a binary 
search algorithm albeit different from the one in Algo
rithm 1. Recall that in (4), we define time to hit zero 
(denoted by T0) by setting the gradient of Ṽλ to zero and 
solving for T. Therefore, searching for λ that satisfies 
T�T0 is equivalent to finding the zero of the (approxi
mated) gradient of Ṽλ. More specifically, let ŷi;τ, d̂i;τ be 
the output of subroutine Algorithm 1. Because d̂i;τ is the 
sample average of

min(ŷi;τ, Di, t), 

for all time periods t of applying base-stock level ŷi;τ in 
loop τ, and ŷi;τ approximates y∗i (λ̂τ), we define vτ �
P

id̂i;τ�W=T, which is an approximated gradient of 

Ṽ λ̂τ , and define the confidence interval around vτ as 
[vτ, vτ] � vl 6 C2N= ffiffiffiffiffi

ντ
√ for some parameter C2 such that 

the true gradient of Ṽ λ̂τ is in [vτ, vτ]with high probabil
ity. By concavity of Ṽλ, vτ ≥ 0 (vτ ≤ 0) implies λ∗ ≥ λ̂τ 
(λ∗ ≤ λ̂τ), so we can cut the search range of λ∗ in half. 
Otherwise, it means that λ∗ is within a close range (with 
a similar length as [vτ, vτ]) of λ̂τ, and we can immedi
ately narrow our search range accordingly. The length 
of each outer loop τ is given by C0β

τ, where C0 and β are 

Figure 3. (Color online) Three Consecutive Steps of the Inner Loop 

Note. After sampling enough data, the confidence interval for the derivative excludes zero, and the algorithm proceeds to the next step by halv
ing the search range.
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parameters to be determined later. We refer to Figure 4
for a graphic representation of the outer loop.

Note that the value of these learning parameters has 
to be determined in a nontrivial way, and we cannot 
directly use the same binary search as Algorithm 1 in 
order to achieve the optimal learning rate of λ∗ (see 
Online Lemma EC.2). The detailed algorithm DBS is 
given in Algorithm 2.
Algorithm 2 (DBS)

Input: All model parameters for the OWMS prob
lem; parameters C0,C1,C2,C3 > 0,β > 1; 
1 Initialize. τ � 0; t � 0; Lτ � 0; Uτ �mini(bi � ci); 
λ̂τ � 0;

2 while T periods have not been reached and warehouse 
did not run out of stock do

3 Set ντ � C0β
τ;

4 ŷi;τ, d̂i;τ←SearchOrderUpTo(i, t, λ̂τ,ντ,C1)
for all i ∈ [N]; define vτ �

P
id̂i;τ�W=T;

5 Construct confidence interval [vτ, vτ] � vτ 6 

C2N= ffiffiffiffiffi
ντ
√ ;

6 if vτ ≥ 0 then
7 Update Lτ+1← λ̂τ, Uτ+1←Uτ, λ̂τ+1← (Lτ+1 

+Uτ+1)=2;
8 end
9 else if vτ ≤ 0 then

10 Update Lτ+1← Lτ, Uτ+1← λ̂τ, λ̂τ+1← (Lτ+1+
Uτ+1)=2;

11 end
12 else
13 Update Lτ+1← Proj

[0, mini(bi�ci)]
(λ̂τ� C3=

ffiffiffiffiffi
ντ
√
), 

Uτ+1← Proj
[0, mini(bi�ci)]

(λ̂τ + C3=
ffiffiffiffiffi
ντ
√
), λ̂τ+1←

(Lτ+1 +Uτ+1)=2;
14 end
15 τ← τ+ 1;
16 t← t+ ντ;
17 end.

The performance of our algorithm DBS is presented in 
the following theorem with its proof in the next section.

Theorem 1. Let πDBS be the policy applied by the DBS 
algorithm with

C0 ≥max(4=β2, 2⌈log2(TD)⌉)
C1 ≥

ffiffiffiffiffiffiffiffi
3=2

p
(hi + bi� ci)

ffiffiffiffiffiffiffiffiffiffiffiffiffi
log(T)

p

C2 ≥ D + C1

hif

 !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 log(NT)⌈log2(TD)⌉
q

C3 ≥max
ffiffiffiffiffiffi
C0
√

min
i
(bi� ci), 2C2=min

i

h2
i

(hi + bi� ci)
3f

 !

β ∈ (1, 4]:

Under Assumptions 1 and 2, the regret of πDBS satisfies 
that

R(πDBS) ≤ Õ(N
ffiffiffiffi
T
√
):

From Theorem 1, the performance of our algorithms 
with demand censoring is Õ(N

ffiffiffiffi
T
√
). Therefore, the first 

question is whether this is the best rate we can achieve. 
First of all, it is unknown whether Õ(N

ffiffiffiffi
T
√
) is optimal 

because we could not derive a matching lower bound of 
Ω(N

ffiffiffiffi
T
√
). The only regret lower bound we currently 

know is Ω(N · log(T)), which is based on the result in 
Besbes and Muharremoglu (2013) given that there is 
more than enough inventory in the warehouse (a special 
case of our problem). Our conjecture is that Ω(N ·
log(T)) is the optimal lower bound for our problem. The 
reason is that, in Chao et al. (2021), the authors prove 
that, when demand is known, policy readjustments of 
LaBS (the heuristic we use given learned demand distri
bution) can lead to a regret of O(N · log(T)). However, 
how to incorporate policy readjustments into our learn
ing algorithm is challenging, and we, thus, leave this 
problem as a future research opportunity.

Another point to note is that the result in Theorem 1 is 
based on Assumption 2. Thus, we wonder what hap
pens when this assumption is relaxed. Without loss of 
generality, let us assume b1� c1 ≤ b2� c2 ≤⋯≤ bN � cN 
and denote b′1 < b′2 <⋯ < b′N the N′ distinct values of 

Figure 4. (Color online) Two Distinct Principles of the DBS Algorithm 

(a) (b)

Notes. (a) The algorithm starts with λ̂ � 0 to increase the effectiveness in the case of abundant inventory. If the value of λ∗ is zero, the algorithm 
can easily commit to zero; otherwise, it can continue to search on the rest of the domain. (b) Different from the classical stochastic binary search, 
the DBS algorithm shrinks the search space even though the confidence interval does not have enough evidence for halving. (a) λ* � 0, and the 
confidence interval already excluded zero. (b) The confidence interval cannot indicate a sign.
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bi� ci. Suppose λ∗ is in between some b′k and b′k+1 
(instead of between 0 and b′1 as suggested in Assump
tion 2); we have the regret of our algorithm DBS equal to 
R(πDBS) ≤ Õ(N

ffiffiffiffi
T
√
+N3) with β ∈ (1, 2] and other para

meters the same as the original (see Online Section EC.3 
for details). To achieve this, we have to make the follow
ing changes. First, the definition of [vτ, vτ] becomes 
[vτ, vτ] � vl 6 C2Nτ=

ffiffiffiffiffi
ντ
√ , where Nτ :� |{i ∈ [N] : ci + λ̂τ 

< bi} | . Second, in line 2 in DBS, when we update Lτ+1 
and Uτ+1, the deviation from λ̂τ is C3Nτ=

ffiffiffiffiffi
ντ
√ instead of 

C3=
ffiffiffiffiffi
ντ
√ . Third, for the inner loop search of i with 

ci + λ̂τ ≥ bi, we just let yi, t � 0 during the whole inner 
loop as the ordering cost is already more than the lost- 
sale cost. A crucial step in proving Theorem 1 is Online 
Lemma EC.2, which proves the convergence of λ̂τ to λ∗. 
It is important to show that this convergence is indepen
dent of N, and this is precisely the place where we use 
Assumption 2. In Online Section EC.3, we prove a 
slightly modified version of Online Lemma EC.2 in the 
relaxed setting.

4.2. Main Steps of the Proof of Theorem 1
By our definition of regret, we can write

R(πDBS) ≤ VDBS � VDBS
unlim + VDBS

unlim � Ṽλ
∗

, (5) 

where VDBS
unlim is the cost of applying Algorithm 2 in a 

hypothetical system with the same cost structure as the 
original OWMS problem except without inventory con
straint in the central warehouse. Therefore, our regret is 
bounded by VDBS�VDBS

unlim and VDBS
unlim� Ṽλ

∗

, respectively.

4.2.1. Bound of VDBS 2 VDBS
unlim. Let us first consider the 

first term. Note that the discrepancy between VDBS �

VDBS
unlim comes only from the possible lost sales because of 

stockout in the central warehouse. As a result,

VDBS�VDBS
unlim ≤ bE

XN

i�1

XT

t�1
(yi, t� Ii, t)

+
�W

 !+" #

≤ bE

"�
�
�
�
�

XN

i�1

XT

t�1
(yi, t� Ii, t)

+

�
XN

i�1
T ·E[min{y∗i (λ

∗), Di, 1}]

�
�
�
�
�

#

, (6) 

where the second inequality is from lemma 10 in Miao 
et al. (2022) because 

PN
i�1 T ·E[min{y∗i (λ

∗), Di, 1}] �
PN

i�1 PT
t�1E[(y∗i (λ

∗)� Ii, t)
+
]�
PN

i�1E[(y∗i (λ
∗)�Di, T)

+
] ≤W, 

b �maxibi, and yi, t denotes the actual base-stock level 
from algorithm DBS. Denote Zi, t � (yi, t� Ii, t)

+ as the 
ordering in time t at store i and τ the index of the last 
outer loop. By our algorithm design of exponentially 

increasing cycles τ, we have

E

"�
�
�
�
�

XN

i�1

XT

t�1
(yi, t� Ii, t)

+
�
XN

i�1
T ·E[min{y∗i (λ

∗), Di, 1}]

�
�
�
�
�

#

� E

"�
�
�
�
�

XN

i�1

Xτ

τ�0

X

t∈T τ

Zi, t�
XN

i�1

Xτ

τ�0
ντ ·E[min{y∗i (λ

∗), Di, 1}]

�
�
�
�
�

#

≤
XN

i�1

Xτ

τ�0
E

"�
�
�
�
�

X

t∈T τ

Zi, t� ντ ·E[min{y∗i (λ̂τ), Di, 1}]

�
�
�
�
�

#

+
XN

i�1

Xτ

τ�0
E[ |ντ ·E[min{y∗i (λ

∗), Di, 1}]

� ντ ·E[min{y∗i (λ̂τ), Di, 1}] | ]

≤
Xτ

τ�0

�
K1N log(NT)

ffiffiffiffiffi
C0

p
βτ=2 +K2N

�

+
XN

i�1

Xτ

τ�0
E[ |ντ ·E[min{y∗i (λ

∗), Di, 1}]

�ντ ·E[min{y∗i (λ̂τ), Di, 1}] | ]

≤
Xτ

τ�0

�
K1N log(NT)

ffiffiffiffiffi
C0

p
βτ=2 +K2N +NC0C3β

τ=2+3=2
�

≤ K1 log(NT)N
ffiffiffiffi
T
√
+K2N

ffiffiffiffi
T
√
+ C0C3β

3=2N
ffiffiffiffi
T
√

, 

where T τ is the set of time periods in cycle τ so that ντ �
|T τ | and τ ≤ ⌈logβ(T)⌉ is the index of the last cycle. The 
second inequality is from Online Lemma EC.1(iv). The 
constants K1 and K2 are given in Online Lemma 
EC.1(iv). The third inequality is from Online Lemma 
EC.2. Combining this with (6), we have that

VDBS�VDBS
unlim ≤ K1b log(NT)N

ffiffiffiffi
T
√
+K2bN

ffiffiffiffi
T
√

+ C0C3bβ3=2N
ffiffiffiffi
T
√
+ND: (7) 

4.2.2. Bound of VDBS
unlim 2 Ṽ l∗ . For the part VDBS

unlim� Ṽλ
∗

, 
we first note that,

VDBS
unlim �

XN

i�1

Xτ

τ�0

X

t∈T τ

E[Ci(max(yi, t, Ii, t); λ̂τ )]

≤
XN

i�1

Xτ

τ�0

X

t∈T τ

Ci(yi, t; λ̂τ) + bD⌈log2(ντD)⌉

 !

+wW 

�
XN

i�1

Xτ

τ�0

X

t∈T τ

E[λ̂τ(yi, t� Ii, t)
+
], 

where the inequality is because there are at most 
⌈log2(ντD)⌉ updates of yi, t for t ∈ T τ and the assumption 
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that Di, t ≥D > 0. As a result, we have

VDBS
unlim� Ṽλ

∗

≤
XN

i�1

Xτ

τ�0

X

t∈T τ

(Ci(yi, t; λ̂τ)�Ci(y∗i (λ̂τ); λ̂τ))

+
XN

i�1

Xτ

τ�0
ντ(Ci(y∗i (λ̂τ); λ̂τ)�Ci(y∗i (λ

∗);λ∗))

+
XN

i�1

Xτ

τ�0

 

ντλ
∗E[min{y∗i (λ

∗), Di, t}]

�
X

t∈T τ

E[λ̂τ(yi, t� Ii, t)
+
]

!

+ bD⌈log2(TD)⌉N: (8) 

Therefore, we need to bound the three summations, 
respectively.

First, we have, with probability at least 1�O(T�1),

XN

i�1

Xτ

τ�0

X

t∈T τ

(Ci(yi, t; λ̂τ)�Ci(y∗i (λ̂τ); λ̂τ))

≤
Xτ

τ�0
N log2(ντD)(C

2
1f �1hi log(ντ) + (hi + bi� ci) + bD)

≤ log2(TD)(C2
1f �1hi log(T) + (hi + bi� ci) + bD)N, (9) 

according to Online Lemma EC.1.(i) by applying a 
union bound over all τ.

Second, with probability at least 1�O(T�1),

XN

i�1

Xτ

τ�0
ντ(Ci(y∗i (λ̂τ); λ̂τ)�Ci(y∗i (λ

∗);λ∗))

≤
XN

i�1

Xτ

τ�0
ντLE[ | λ̂τ�λ∗ | ]

≤
XN

i�1

Xτ

τ�0
C0C3Lβτ=2+3=2

≤ C0C3LN
ffiffiffiffi
T
√

, (10) 

where the first inequality is from Lipschitz continuity of 
Ci(y∗i (λ);λ) with respect to λ, and the second inequality 
is from Online Lemma EC.2.

Third, with probability at least 1�O(T�1), 
XN

i�1

Xτ

τ�0

 

ντλ
∗E[min{y∗i (λ

∗),Di, t}]�
X

t∈T τ

E[λ̂τ(yi, t� Ii, t)
+
]

!

�
XN

i�1

Xτ

τ�0
(ντλ

∗E[min{y∗i (λ
∗),Di, t}]

� ντE[λ̂τmin{y∗i (λ̂τ),Di, t}])

+
XN

i�1

Xτ

τ�0

 

ντE[λ̂τmin{y∗i (λ̂τ),Di, t}]

�
X

t∈T τ

E[λ̂τ(yi, t� Ii, t)
+
]

!

≤
XN

i�1

Xτ

τ�0
ντLE[ | λ̂τ�λ∗ | ]

+
XN

i�1

Xτ

τ�0
E

"

λ̂τ

 

ντmin{y∗i (λ̂τ),Di, t}�
X

t∈T τ

Zi, t

!#

≤
XN

i�1

Xτ�1

τ�0
C0C3Lβτ=2+3=2 +

Xτ

τ�0
NK1 log(NT)

ffiffiffiffiffi
ντ
√
+NK2

≤ C0C3LN
ffiffiffiffi
T
√
+ C0NK1 log(NT)

ffiffiffiffi
T
√
+NK2, (11) 

where the first inequality is from Lipschitz continuity, 
the second inequality is from Online Lemmas EC.2 and 
EC.1(iv) with union bound over τ, and constants K1 and 
K2 are given in Online Lemma EC.1(iv). Combining 
(8)–(11), we have

VDBS
unlim� Ṽλ

∗

≤ log2(TD)(C2
1f �1hi log(T) + (hi + bi� ci) + bD)N

+ bD⌈log2(TD)⌉N+ 2C0C3LN
ffiffiffiffi
T
√
+ C0NK1 log(NT)

ffiffiffiffi
T
√

+NK2: (12) 

In the end, this theorem is proved by combining (5), (6), 
and (12).

5. Extensions of the Proposed Algorithm
Before we numerically evaluate the performance of 
the DBS algorithm based on both synthetic and real 
data sets, we discuss two modifications. Recall that we 
developed the DBS algorithm under the assumption 
that the demand information is censored, and underlying 
demand follows a continuous and bounded distribution. 
In this section, we discuss how the DBS would be modi
fied if we have uncensored demand, discrete demand dis
tribution, and unbounded demand distribution.

Bekci, Gümüş, and Miao: Nonparametric Demand Learning 
Operations Research, 2023, vol. 71, no. 6, pp. 2092–2110, © 2023 INFORMS 2103 



5.1. Algorithm Under Uncensored Demand 
Observations

Even though real life is characterized by censored 
demand cases, we briefly describe the case of uncensored 
demand. Recall that the main challenge under the cen
sored demand case is the inability to estimate both order- 
up-to levels and the dual variable in an unbiased fashion. 
To address this challenge, we developed the DBS method 
in which we actively search for the optimal dual variable 
in the outer loop and order-up-to level in the inner loop. 
However, in the case of uncensored demand, we can 
eliminate both inner and outer loops and simultaneously 
generate unbiased estimates for the dual variable and 
order-up-to levels from demand observations. Delegat
ing the details to the online appendix, we can achieve this 
by constructing an empirical estimation F̂i

t(·) of the 
demand distribution Fi(·). More specifically, we have

F̂i
t(d) :�

Pt�1
s�11(Di, s ≤ d)

t� 1 :

According to the Dvoretzky–Kiefer–Wolfowitz inequal
ity (see Massart 1990), as t grows, F̂i

t(·) becomes more 
and more accurate (see Lemma 1).

Lemma 1 (Dvoretzky–Kiefer–Wolfowitz Inequality). For 
any ɛ ≥ 0 and any period t ∈ [T],

P sup
d∈[D,D]

| F̂i
t+1(d)� Fi(d) | ≥ ɛ

0

@

1

A ≤ 2 exp(�2tɛ2): (13) 

Once we have this empirical demand distribution, with
out having to search for Tτ periods, we can estimate 
y∗i (λ) directly for any λ by solving the following:

ŷi, t(λ) :� inf{y : F̂i
t(y) ≥ κi(λ)}: (14) 

Similarly, we can estimate the dual variable λ̂t by solv
ing the following “empirical” version of the comple
mentary slackness:

λ
X

i
Ê[min(ŷi, t(λ), D̂i, t)]�

W
T

 !

� 0, (15) 

where D̂i, t is the demand with empirical distribution 
and Ê[·] represents the expectation according to the 
empirical distribution. Because the left-hand side of (15) 
is a left-continuous stepwise function, we let

λ̂t :� sup λ ≥ 0 :
X

i
Ê[min(ŷi, t(λ), D̂i, t)]�

W
T ≥ 0

( )

:

(16) 

The modified algorithm, which we refer to as empirical 
distribution algorithm for full demand (EDAF), then 
simply in each period updates the empirical distribu
tion and generates estimates for order-up-to levels and 
the dual variable by directly solving (14) and (16), 

respectively. Because of space limitations, we present 
the detailed algorithm in Online Section EC.4 and state 
its performance herein (with its proof in Online Section 
EC.4 as well). Moreover, we conduct extra numerical 
experiments of EDAF in Online Section EC.7.2.

Proposition 1. Let πEDAF be the policy constructed by the 
EDAF algorithm. Under Assumptions 1 and 2, the regret 
of πEDAF satisfies that

R(πEDAF) ≤ Õ(N
ffiffiffiffi
T
√
):

5.2. Algorithm with Discrete Demand Distribution
Recall that, in Assumption 1, we consider that the 
underlying demand is characterized by a continuous 
distribution. In this section, we have the following mod
ified version of Assumption 1.

Assumption 3. Demand Di, t ∈ J :� {D, D+ 1, : : : , D}, 
where 0 <D <D <∞ are two integers. Its density function 
satisfies 0 < f ≤mi(d) ≤ f <∞ for all i ∈ [N] and d ∈ J, 
where mi(·) is the probability mass function.

Various issues are different under the discrete demand 
assumption. First, under any dual variable λ, the cost 
function Ci(y;λ) is a piecewise linear and convex func
tion with J defined as the “turning points” (i.e., the value 
of y that is the intersection of two pieces of linear func
tion). This structure is shown in Figure 5. It is highly 
likely that the minimizer of Ci(y;λ) is not unique in this 
case. In particular, we have y∗i (λ) defined as

min{y : (hi + bi� ci(λ))Fi(y) > bi� ci(λ)}, 

if there is no y satisfying (hi + bi � ci(λ))Fi(y) � bi� ci(λ); 
otherwise, y∗i (λ) is somewhere in between y∗i;1(λ) �min 
{y : (hi + bi� ci(λ))Fi(y) � bi � ci(λ)} and y∗i;2(λ) �min{y 
: (hi + bi� ci(λ))Fi(y) > bi� ci(λ)} so that the comple
mentary slackness condition is satisfied. Second, it is 
easy to see that Vλ is also piecewise linear and concave 
in λ.

Our original algorithm DBS and its analysis cannot be 
easily extended to the case of discrete demand because 
of these peculiarities. In technical analysis, there are 
some significant differences. First, the DBS seeks to 
locate the unique zero of the gradient of Ṽλ in order to 
discover the best λ∗ for the case of continuous demand, 
for which the gradient is defined as

X

i
E[min(y∗i (λ), Di, t)]�

W
T

, 

for unique y∗i (λ). However, the reason we can achieve 
the optimal convergence rate of λ̂τ to λ∗ is that Vλ (for 
continuous demand) is continuously differentiable and 
strongly concave, but neither of these properties applies 
to discrete demand. Second, for a fixed λ, y∗i (λ) is the 
unique minimizer of Ci(y;λ), which is strongly convex 
for continuous demand. Consequently, the convergence 
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of our inner loop search relies on these properties, which 
do not apply to discrete demand either.

As a result, in order to obtain a similar Õ(N
ffiffiffiffi
T
√
) regret 

upper bound, we must devise a new algorithm that 
employs significantly different approaches and exploits 
the discrete structure. More specifically, we apply an ini
tial sampling that allows us to simulate all policies and 
eliminate suboptimal policies accurately. On the ware
house constraint, we perform a binary search over the 
set of all optimal order-up-to levels to find the one that 
satisfies complementary slackness. Based on these prin
ciples, we develop a modified algorithm, referred to 
as the discrete demand (DD) algorithm. Because the 
modified DD algorithm is rather complex, we defer its 
technical analysis to Online Section EC.5 and numerical 
experiments to Online Section EC.7.4.

5.3. Algorithm Under Unbounded Demand
In Assumption 1, we assume that the demand is bounded 
in [D, D] almost surely. In this section, we explain how 
the algorithm’s initial parameters should be adjusted and 
the effect of these changes on the regret when the demand 
is unbounded, that is, D � +∞ and D � 0.

There are two main purposes for these assumptions. 
First, D > 0 is to guarantee that the inventory goes down 
to zero in a finite number of time periods when there is 
no replenishment. Therefore, even if the support of 
demand distribution includes zero, as long as the mean 
demand is nonzero, that is, E[Di, t] > 0 (which is true in 
most applications) and Di, t is sub-Gaussian, we can still 
show that any finite inventory is consumed within 
O(log(NT)) time periods with probability at least 1�
O(N�1T�1). As a result, relaxing D > 0 only has an 
impact on our final regret in the order of a logarithmic 
factor of T. Second, D <∞ is to ensure that the optimal 
order-up-to level y∗i (λ

∗) is finite. When the demand is 
unbounded, we can still ensure y∗i (λ

∗) ≤ y for some con
stant y under various conditions (which are discussed 
later).

To summarize, after relaxing the boundedness assump
tion, Assumption 1 can be relaxed as follows.

Assumption 1’. Demand Di, t ∈ [0,∞) almost surely, and 
it is sub-Gaussian with parameter σ (i.e., E[exp(sDi, t)] ≤

exp(σ2s2=2) for all s ∈ R). Its distribution Fi : [0,∞)→
[0, 1] is continuous, and it has a probability density func
tion fi with 0 < f ≤ fi(d) ≤ f <∞ for all i ∈ [N] and d ∈ [0, 
y], where y is any constant satisfying maxi∈[N]y∗i (λ

∗) ≤ y. 
The parameters y, f , f are known.

Now, in what follows, we discuss two special cases 
under which we can establish a finite bound y on the 
inventory order-up-to level, which is known to the 
retailer.

Example 1. By definition,

y∗i (λ
∗) � (Fi)�1 bi � ci � λ

∗

hi + bi � ci � λ
∗

� �

≤ max
i∈[N]
(Fi)

�1 bi � ci

hi + bi � ci

� �

< ∞

because hi > 0 for all i ∈ [N]; thus, y is any upper bound 
of maxi∈[N](Fi)�1

((bi � ci)=(hi + bi� ci)). In many applica
tions, although we do not know the specific distribution 
of Fi, it is not impossible to establish a finite upper bound 
on (Fi)�1

((bi� ci)=(hi + bi� ci)). For instance, consider 
that Fi belongs to some parametric distribution family 
(e.g., (truncated) normal distribution). Then, one can 
establish a finite upper bound on (Fi)�1

((bi � ci)=(hi + bi 
� ci)) if the parameters are known to be bounded in a cer
tain compact set based on historical data and insights.

Example 2. Recall that we need to satisfy complemen
tary slackness, which requires that

X

i∈[N]
E[min{y∗i (λ

∗), Di, 1}] ≤W=T:

According to Assumption 1′, it is not difficult to show 
that E[min{y∗i (λ

∗), Di, 1}] ≥ f (y∗i (λ
∗))

2
=2. Therefore, another 

choice of y is y �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2W=(Tf

q
). Note that, in many real 

practices, W scales at most linearly with T, and thus, y 
can be considered as a constant.

With this modified assumption, the algorithm and its 
analysis remain the same except we essentially replace 

Figure 5. (Color online) Discrete Cost Function 

Notes. On the left, the unique minimizer of the expected cost function can easily be found. On the right, it is difficult to detect the minimizer.
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every D with y. We give the performance of the algo
rithm with these modifications in Corollary 1 and the 
proof of Corollary 1 in Online Section EC.6.

Corollary 1. Let πDBS be the policy applied by the DBS 
algorithm with an ordering upper bound y and

C0 ≥max(4=β2, 2⌈log2(Ty⌉)

C1 ≥
ffiffiffiffiffiffiffiffi
3=2

p
(hi + bi� ci)

ffiffiffiffiffiffiffiffiffiffiffiffiffi

log(T)
q

C2 ≥ y + C1

hif

 !
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 log(NT)⌈log2(Ty)⌉
q

C3 ≥max
ffiffiffiffiffiffi
C0

p
min

i
(bi� ci), 2C2=min

i

h2
i

(hi + bi� ci)
3f

 !

β ∈ (1, 4]:

Under Assumptions 1′ and 2, the regret of πDBS satisfies that

R(πDBS) ≤ Õ(N
ffiffiffiffi
T
√
):

6. Numerical Study
In this section, we present the performance of the DBS 
algorithm in two groups of experiments. In Experiment 
1, using synthetic data, we perform a sensitivity analysis 
with respect to different model parameters. In Experi
ment 2, we make use of a unique data set collected from 
our partner fast-fashion company and test the perfor
mance of the DBS algorithm on six sets of products 
grouped according to their price and sales volume. In 
both Experiments 1 and 2, the algorithms run in 100 dif
ferent random seeds, and their average values and stan
dard errors are reported.

As for the benchmark algorithms, we use the explore- 
then-commit (Exp) algorithm, which has two phases. In 
the exploration phase, the Exp algorithm raises the inven
tory levels to D in the stores to get uncensored demand 
samples. In the exploitation phase, it applies the best pol
icy calculated from these unbiased data. As shown in 

Online Section EC.7.1, there is a trade-off between the 
exploration and exploitation phases. Whereas the Exp 
algorithm learns the true demand distribution more and 
more accurately as the length of the exploration phase 
increases, its performance degrades because it does not 
spend enough time to exploit the policy tuned for true 
demand parameters. Therefore, we pick three different 
exploration durations (i.e., T1=2, T2=3, and T3=4) that yield 
the best compromise between demand accuracy and per
formance. For a better comparison of the performances in 
different scenarios, we define the relative regret for a pol
icy π as

RR(π) �
Vπ� Ṽλ

∗

Ṽλ
∗ :

6.1. Experiment 1: Synthetic Data
In this experiment, we test the empirical performance 
of the DBS algorithm and perform its sensitivity analy
sis with respect to various input parameters, such as 
the length of the horizon, coefficient of variation of 
demand distribution, central warehouse capacity, cost 
parameters (holding and lost-sales cost), and number 
of stores. For the base instance, we assume that the sys
tem has two stores with the following cost parameters 
as hi � 6, bi � 60, and ci � 0:5. For the baseline demand, 
we use synthetic demand data generated from a trun
cated normal distribution with domain [0, 175], mean 
µ � 50, and standard deviation σ � 50. We fix horizon 
length to be T � 1,000 and the central warehouse capac
ity to be T·µ·N2 . We then change parameters one at a time 
for sensitivity analysis, and the results are summarized 
as follows.

6.1.1. Impact of Length of Horizon T. Our first experi
ment is to evaluate the impact of the length of the hori
zon T on the relative regret RR(π). The result is 
summarized in the left panel of Figure 6, which shows 

Figure 6. (Color online) Change in Relative Regret with Respect to Horizon Length (Left) and Coefficient of Variation (right) 

Note. The shades of the curves represent standard errors.
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clearly that the longer the horizon, the lower the relative 
regret for all algorithms. It is also evident from Figure 6
that the DBS algorithm performs significantly better 
than the Exp algorithms. The gap between the DBS and 
Exp algorithms is driven by two factors. First, through
out the planning horizon, the DBS algorithm adjusts its 
estimation of the underlying demand distribution and 
applies the best ordering policy given the estimated 
demand parameters, whereas the Exp algorithm only 
explores the demand for a fixed number of periods and 
does not change its estimation during the exploitation 
phase. Second, the DBS algorithm considers the impact 
of central warehouse capacity on its ordering decisions 
by estimating Lagrangian dual variables, whereas the 
Exp algorithms order myopically without considering 
warehouse capacity, which can be particularly sub
optimal when the warehouse inventory level is not 
very high.

6.1.2. Impact of Coefficient of Demand Variation. To 
investigate how demand variation affects learning, we 
alter the standard deviation of the demand distribution, 
keeping its mean constant. As seen in the right panel of 
Figure 6, the relative regret grows with the coefficient of 
variation for all algorithms. This is intuitive because 
learning from demand distributions with high volatility 
is more difficult. We can also see that the DBS algo
rithm’s performance is significantly more robust than 
the performance of Exp algorithms as the DBS algo
rithm utilizes the data more efficiently by continuously 
learning the underlying demand and adjusting the 
inventory ordering policies accordingly.

6.1.3. Impact of the Warehouse Capacity. In this ex
periment, we evaluate the performance of algorithms 
with respect to different warehouse capacities. In par
ticular, we let the initial inventory be φ ·T ·µ ·N and 
change the values of φ (referred to as capacity multi
plier). The left panel in Figure 7 shows that relative 

regret grows first and subsequently declines with in
creasing capacity under all algorithms. This is due to a 
trade-off between the cost of holding and of lost sales. 
The system suffers more from excessive lost sales costs 
when capacity is insufficient. As capacity increases, the 
holding cost grows, but the cost of lost sales decreases. 
Because having too much capacity has no effect on pol
icy, relative regrets of all algorithms remain constant 
once the capacity becomes sufficiently large (i.e., 1.4 
times the baseline capacity).

6.1.4. Impact of Holding Cost hi. As the holding cost 
increases, the learning process becomes more expensive 
because ordering more to receive uncensored demand 
observations hurts the retailer. As shown in the right 
panel of Figure 7, the regret of the Exp algorithms 
increases almost linearly in holding cost, whereas the 
regret of the DBS algorithm increases sublinearly with 
holding cost and remains almost constant (even slightly 
decreases) when hi is large. This suggests that, com
pared with the Exp algorithms, the DBS is able to learn 
the underlying demand without having to increase the 
order quantity.

6.1.5. Impact of Lost-Sales Cost bi. As can be seen in 
the left panel of Figure 8, as lost sales cost increases, the 
relative regrets of all algorithms decrease. The ratio
nale behind this seemingly counterintuitive observa
tion comes from the fact that the optimal order-up-to 
levels under the optimal policy increase in bi, which, in 
turn, makes the exploration phase less costly for both 
the Exp and the DBS algorithms. As such, whereas the 
DBS still outperforms Exp, their differences become 
smaller with higher lost-sales costs.

6.1.6. Impact of Shipment Cost ci. Similar to the previ
ous case, the increase in shipping cost leads to lower 
relative regret for both DBS and Exp as can be seen in 
the right panel of Figure 8. The rationale behind this is 

Figure 7. (Color online) Change in Relative Regret with Respect to Capacity (Left) and Holding Cost (Right) 

Note. The shades of the curves represent standard errors.
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because the increase of the benchmark objective Ṽλ
∗

out
grows the increase of regret R(π). That said, our algorithm 
DBS again is significantly better than Exp algorithms.

6.1.7. Impact of the Number of Stores N. In this experi
ment, we explore the impact of the number of stores on 
the relative regrets of DBS and Exp algorithms. Table 2
shows that the relative regret is constant for both DBS 
and Exp as the number of stores increases. This result is 
consistent with our theoretical analysis that shows that 
cumulative regret grows linearly in N, which suggests 
that the relative regret is independent of N.

6.2. Experiment 2: Real Data
In this set of experiments, using the data set collected 
from our partner fast-fashion company, we test the per
formance of the DBS algorithm. The fast fashion retailer 
with which we partnered operates several stores in the 
European region. They have a large selection of fashion 
items for women, men, and children as well as a large 
selection of accessories. They, as do other fast-fashion 
firms, release new products on a regular basis, making 
inventory management particularly critical. The data 
this retailer has provided us includes detailed informa
tion on weekly sales and inventories at the SKU level in 
more than 300 stores between January 2016 and June 
2019. The data also contains detailed information on 
each product, such as initial purchase cost, price, and 
inventory allocations between regional central ware
houses and stores. Because of the extensive nature of the 
data set, in our numerical experiments, we focus only 

on the data for women’s clothing between July 2018 
and June 2019. To set up a computationally tractable 
instance, we select five stores and choose 125 products 
that are quite representative of the entire set of products 
sold in these stores. Please refer to Table 3 for the sum
mary statistics of the data set.

We stratify these products into three groups with 
respect to their prices: low price if the price is between 
the minimum and 25th percentile, intermediate price if 
the price is between the 25th and 75th percentiles, and 
high price if the price is between the 75th percentile and 
maximum price. Similarly, we create three groups for 
the sales based on the same percentiles: low, medium, 
and high sales, respectively. We calculated the lost-sales 
cost based on the difference between price and purchase 
cost. Following inventory literature that considers the 
holding cost as the opportunity cost of capital tied in 
inventories, we estimated the holding cost by multiply
ing the cost of the product with the average cost of capi
tal. Using both parametric and nonparametric methods, 
we estimated demand distribution parameters from 
sales data. We provide more details on the parameter 
estimation in Online Section EC.7.3. Finally, for each 
instance, we calibrated the model parameters as men
tioned and calculated the relative regret performance of 
the DBS and two variants of Exp algorithms. The results 
of the experiment can be found in Figure 9.

Figure 8. (Color online) Change in Relative Regret with Respect to Lost Sales Cost (Left) and Shipment Cost (Right) 

Note. The shades of the curves represent standard errors.

Table 2. Average Relative Regret with Number of Stores

Number of stores 2 4 6 8 10

Exp T1=2 0.060 0.060 0.060 0.060 0.060
Exp T2=3 0.068 0.068 0.068 0.068 0.068
Exp T3=4 0.074 0.074 0.074 0.074 0.074
DBS 0.028 0.025 0.024 0.024 0.024

Table 3. Summary Statistics of the Data of 125 Products 
Used in Real Data Experiments

Sales Inventory Price

Mean 18.1 86.8 83.3
Standard deviation 16.3 98.4 82.8
Minimum 0.0 0.0 5.6
25% 8 17 17.8
50% 13 62 36.4
75% 25 106 173.2
Maximum 113 550 247.7
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We make several observations. First, the duration of 
exploration in the Exp algorithm affects its performance. 
Quite notably, the optimal exploration duration depends 
on the product category, which implies that there is no 
fixed duration that works for all types of product and 
sales categories. Second, in all the experiments, the DBS 
performed better than the Exp algorithms. This implies 
that the DBS algorithm is able to adjust the learning 
period optimally based on the cost and demand charac
teristics. This suggests that the DBS algorithm yields 
more robust performance with respect to changes in 
business parameters. Finally, in both price and sales cate
gories, the relative regrets of DBS for the middle catego
ries are lower than those for the low and high categories.

7. Conclusion
Motivated by our collaboration with one of the largest 
fast-fashion retailers in Europe, this paper studies the 
OWMS problem under censored demand with a priori 
unknown demand distribution, which is the first among 
the literature to the best of our knowledge. In particular, 
the decision maker has to jointly make inventory alloca
tion decisions from the central warehouse to different 
stores and learn the unknown demand faced by stores 
on the fly. The main challenge under censored demand 
is to estimate the demand distribution in an unbiased 
fashion. To tackle this challenge, we propose an algo
rithm named DBS, which adaptively learns the demand 
and decides inventory allocation policy by optimizing a 
Lagrange dual variable of the inventory constraint in 
the central warehouse. This algorithm DBS is proved to 
have regret Õ(N

ffiffiffiffi
T
√
). We then discuss three extensions 

of the DBS algorithm to consider discrete, uncensored, 
and unbounded demand cases. We show that their 
regrets are also Õ(N

ffiffiffiffi
T
√
). We performed simulations 

leveraging both synthetic data and real data from a 
fast-fashion firm to illustrate the effectiveness of our 
algorithm DBS. Our numerical experiments show that 
our algorithm performs better than the benchmark 

algorithm and is more robust to changes in business 
parameters.

Finally, we discuss some possible future work direc
tions. First, in this paper, we assume i.i.d. demand over 
time for each store, whereas in reality, the demand dis
tribution is usually changing over time. How to model 
this nonstationarity and design learning algorithms will 
be interesting future research. Second, in some cases, 
fixed replenishment costs are charged. Clark and Scarf 
(1962) show that, with fixed costs, characterizing the 
optimal policy is difficult (see Chao et al. 2021 for a 
recent study on a multiwarehouse multistore system 
with fixed costs). It would be interesting to develop a 
solution for the fixed cost setting with demand learning. 
Additionally, although the one-warehouse multistore 
system is a classic model in inventory management, 
demand learning in a general model for multiple ware
houses would also be interesting. In that case, our 
benchmark would not be generalizable for multiware
houses because of the curse of dimensionality. Hence, 
designing a new algorithm with provable performance 
is a nontrivial task, and we leave it as a future research 
direction.
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